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Chapter 1

Introduction

In this thesis, we will examine the motivic or Al-homotopy theory of schemes, a
very recent field of algebraic geometry which applies methods and constructions
of algebraic topology and the theory of model categories to schemes. Since the
early days of Grothendieck-style algebraic geometry, intuition and methods from
topology have always played an important role in the investigation of algebraic
varieties and their structure. To give just one example, the study of algebraic
K-theory and vector bundles on schemes, which has led to deep insights into the
nature of linear algebra over general rings, would never have taken the shape it
nowadays has without an existing theory of vector bundles on manifolds, and the
use of elaborate methods from algebraic topology.

The motivation for developing a homotopy theory of schemes is the analogy
between smooth schemes and manifolds, and homotopy theoretic arguments are
ubiquituous in the theory of manifolds: In order to decide if there exist vector
bundles with certain properties on a manifold, one translates this geometric prob-
lem into a homotopy theory problem, which then in turn is solved by computing
some homotopy groups. It is reasonable to hope that a similar procedure can be
used in algebraic geometry: Take a geometric problem, translate it into a question
about A'-homotopy theory, and then solve it by computing some homotopy groups.
However, all of the steps seem to be more difficult than the corresponding ones
in differential topology, since the main difference between schemes and manifolds
is, that the arithmetic of the ring over which the scheme is defined intervenes in
basically every question concerning the structure of schemes.

Both the above abstract motivation and a couple of already existing computa-
tions of Al-homotopy groups make it seem worthwhile to study motivic homotopy
theory. This is where we enter the scope of the thesis: Already in classical al-
gebraic topology, there are only very few spaces whose homotopy groups can be
computed directly; for all further computations, one has to use fibre sequences,
which are sequences of spaces F' — E — B which induce long exact sequences for
the corresponding homotopy groups. The main geometric examples of such fibre
sequences are fibre bundles like SO(n)-bundles or projective space bundles.

Hence, the goal of this thesis is an investigation of the theory of fibre sequences
in Al-homotopy theory. The definition of Al-homotopy theory uses Quillen’s ho-
motopical algebra and model categories, which is an abstract framework to do
algebraic topology and homotopy theory. This framework provides a notion of
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fibre sequences, and it also follows from the model category machinery that every
morphism of schemes p : E — B sits in a fibre sequence F' — E — B for some F'.
However, the homotopy fibre F' of p need not be the same as the point-set fibre
p~1(b) for a base point b € B. Moreover, the description of the space F' is a very
abstract one, and what happens in the course of its construction is hard to keep
track of. In the thesis, we will prove general criteria to decide when the homotopy
fibre really can be identified with the point-set fibre. These general criteria allow
to construct interesting fibre sequences which can be used to compute some A!-
homotopy groups. As an example, the following is a fibre sequence in Al-homotopy
theory:
P! — P>® v P>® — P>,

The space P! is the projective line, say over a field k, and P> is the infinite
projective space. The space P*° is the classifying space for line bundles, and
therefore, its homotopy groups of P> are known. The fibre sequence can then
be used to give a presentation of the motivic fundamental group 77‘1%1 (P!). Both
the methods of computation and the presentation obtained are different from the
methods that Morel has used to describe ﬂ‘i*l (P1).

Other examples of fibre sequences that we can construct using our general
criteria are provided by fibre bundles whose structure groups are the general linear
groups GL,, or the symplectic groups Sps,. In particular, any projective space
bundle £ — B induces a fibre sequence

Sing2' (P") — Sing' (E) — Singl' (B),

where Sing‘}l (X) is an analogue of the singular complex of a topological space,
using the affine spaces A™ as standard simplices.

In contrast to topology, it is not clear that any fibre bundle also yields a fibre
sequence. To obtain the above fibre sequence for a projective space bundle, one
needs to know that all projective space bundles on U x A™ already come from
bundles on U for any affine scheme U. This is a consequence of the Serre problem,
whose solution by Quillen and Suslin is one of the deep facts in commutative
algebra. In particular, the above reasoning can not be extended to, say, orthogonal
bundles because for these, the Serre problem is known to fail.

From the known solutions of (variations of) the Serre problem, we can also
derive descriptions of the Al-homotopy groups of Chevalley groups like the clas-
sical groups over Dedekind rings. In particular, we can identify the Al-homotopy
groups of Chevalley groups with unstable K-groups, which are known to encode
complicated information about the behaviour of matrices over general rings.

We are now ready to go a little more into detail. Before describing our main
results, we explain what Al-homotopy theory actually is.

Al-Homotopy Theory: In its present form, A'-homotopy theory was started
off by Morel and Voevodsky. There are preliminary accounts of the theory in
[Voe98, IMor99] leading to the final definitions (and proofs) in [MV99].

Precursors of this theory, which in particular emphasize the importance of
the affine spaces A™, can be found in the definition of K-theory after Karoubi
and Villamayor [KV69], Bloch’s higher Chow groups or Suslin homology. In all
of these constructions, the affine spaces A™ are used as a standard cosimplicial



object, similar to the standard simplices in classical algebraic topology. In general,
Al-invariance plays a strong role in K-theory and intersection theory.

The problem in setting up a homotopy theory of schemes similar to the homo-
topy theory of topological spaces is, that regular morphisms of schemes are much
more rigid than continuous maps of topological spaces. One expects the proper
analogue of the unit interval to be the affine line A!, but the naive definition of
homotopies as morphisms X x A! — Y does not yield a well-behaved theory.
Therefore, one has to use a rather abstract approach, constructing a model cate-
gory which has enough good properties to be called a homotopy theory of schemes.

There are several steps in the construction of Al'-homotopy: We start with
a scheme S, and consider the category Smg of smooth schemes X over S. The
topological analogue of this would be morphisms of manifolds X — S, whose
fibres are again manifolds. To do the constructions of algebraic topology, one has
to be able to form arbitrary colimits, which is not possible for schemes. Therefore,
we pass to the category of sheaves on Smg. In this category, we can consider
simplicial objects, and then formally do homotopy theory of simplicial presheaves
on a Grothendieck site. The right way to extend the homotopy theory of simplicial
sets to simplicial sheaves and presheaves has been known for some time, due to
the work of Jardine [Jar87|. Since there are several Grothendieck topologies on
the category of smooth schemes, there are still some degrees of freedom. It seems
like the so-called Nisnevich topology is the right Grothendieck topology for the
homotopy theory of schemes.

The resulting homotopy theory has the problem that the affine line A! over the
base S is not contractible. Therefore, one has to apply yet another abstract pro-
cess, the so-called Bousfield localization, to force the affine line to be contractible.
This formal construction is one of the reasons why it is rather difficult to com-
pute homotopy groups of varieties in the A'-homotopy theory: Both the fibrant
replacement in model categories of presheaves as well as Bousfield localization are
hard to keep track of. The goal of the thesis is to investigate how one can deal
with these problems.

Since the invention of A'-homotopy in the abovementioned paper [MV99], sev-
eral papers have been written on the homotopy theory of simplicial sheaves in gen-
eral and on A'-homotopy in particular. Most important for this thesis is the work
of Goerss and Jardine [G.J98], which constructs localization functors for general
model categories of simplicial sheaves. Most of the recent work on A'-homotopy
deals with the stable A'-homotopy theory, which is an analogue of the category of
spectra. Using suitable models of this stable A'-homotopy, one can investigate the
various cohomology theories for schemes, such as motivic cohomology and higher
Chow groups, algebraic K-theory or algebraic cobordism. In this setting, however,
our results are not really interesting, since the Bousfield localization for spectra is
much more well-behaved than for simplicial sheaves.

The only work on unstable Al-homotopy theory is done in a series of preprints
by Fabien Morel [Mor(7, Mor0O6b], in which some interesting applications of un-
stable Al-homotopy theory, like a theory of the Euler class for vector bundles over
smooth affine schemes, are developed. The results in these papers are, however,
restricted to smooth schemes over fields. In our work, we try to study homotopy
theory of schemes over a general base scheme S, only restricting to Dedekind rings
or fields when it comes to concrete computations.
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Main Results: We now give an exposition of the basic theorems of the thesis.
As mentioned earlier, the goal of the thesis is a discussion of what we think are the
most important aspects of the theory of fibrations in model categories of simplicial
presheaves. We will describe how to patch fibre sequences together, how fibre
sequences can be classified and how they behave under localization functors, which
gives us some insight into fibre sequences in the A'-local model category. We also
examine some aspects of the cohomological theory of fibre sequences, in particular
the Serre spectral sequence, and finally investigate how the geometry of schemes
determines if a scheme is fibrant resp. Al-local.

One of the key properties of simplicial presheaves is that we have homotopy
distributivity, a homotopy generalization of the point-set distributivity known to
hold for topoi. This homotopy distributivity as well as some of its important
consequences will be discussed in In classical algebraic topology, the
work of Dold and Thom [DDT58] allowed to glue fibrations over a CW-complex to
quasi-fibrations, which still give rise to fibre sequences. Something similar works for
general simplicial presheaves. We show that it is possible to glue fibre sequences of
simplicial presheaves, which allows to construct many interesting fibre sequences,
among them torsors under linear algebraic groups. The possibility to glue fibre
sequences is a consequence of homotopy distributivity, which allows to commute
homotopy colimits with finite homotopy limits. Combining this with the Brown
representability theorem, one can then also construct classifying spaces for fibre
sequences of simplicial presheaves, i.e. it is possible to construct spaces which
completely describe the behaviour of fibre sequences F' — E — B with a given
fibre F.

THEOREM 1 (CLASSIFYING SPACES) For a fized space F', there exists a classifying
space BTF for fibre sequences, i.e. for any other space B, the fibre sequences
F — E — B over B are in bijection with homotopy classes of maps B — BIF.
Moreover, there is a universal fibre sequence of simplicial presheaves with fibre F':

F-EB'F - B'F

Any other fibre sequence is a pull-back of the universal one.

Having the above theorem, one of the favourite constructions from geometric
topology can now be carried over to an algebraic geometric setting: The space
classifying spherical fibrations SP? — E — B, where the fibre we use is one of
the many motivic spheres SP4 = (SH)"P=9) A (G,,,)". The first factor in this is
one of the usual spheres, a smash power of the standard simplicial circle S, and
the latter is a smash power of the multiplicative group. That the latter should be
considered as a sphere is clear from complex realization, where G,,(C) = C* also
has the homotopy type of the circle. As in classical topology, one can associate
via a Thom-type construction to each vector bundle over a scheme E — X a new
fibre sequence E — X whose fibre is a sphere S2™". If the motivic situation is
only remotely similar to the differential topology of smooth manifolds, the study of
the classifying space of spherical fibrations and its relation with algebraic K-theory
could yield interesting insights into the structure of schemes.

Summing up, the theory of fibre sequences of simplicial presheaves is rather
similar to the situation for simplicial sets, and this is the main result of



However, motivic homotopy theory is not just homotopy theory of simplicial
presheaves, there is also the Bousfield localization at the affine line A'. Therefore,
is concerned with the behaviour of fibre sequences under the Bousfield
localization. In general, a fibre sequence is not preserved by a Bousfield localiza-
tion, so our aim is to obtain a sharp criterion when this is the case. Such questions
have been investigated for simplicial sets already, and we show in this chapter, that
a great deal of the localization theory for simplicial sets can be carried over to the
setting of simplicial sheaves. As one example, we can show that the various con-
structions of fibrewise localizations for simplicial sets can be defined for simplicial
presheaves. Fibrewise localization produces for a given fibre sequence F — F — B
and a Bousfield localization L a new fibre sequence LF — E — B, which is basi-
cally obtained by fibrewise replacing F' by its localization LF. This allows to keep
track of the behaviour of the fibre sequence under special localizations. The main

result of is the following sharp criterion for locality of fibre sequences.

THEOREM 2 (LOCALIZATION FOR FIBRE SEQUENCES) Let T be a site, and let f :
X — Y be a null-homotopic morphism of simplicial presheaves. Furthermore, let
F — E 2 B be a fibre sequence. Let LyF — E' — AL, B be the pullback of the
fibrewise localization LyF — E — B of p to the fibre AL, B of the localization
B — LyB. Then E' ~ LyF x AL, B iff the fibre sequence p is preserved by Ly.

This means that there is some global object controlling if a given fibre sequence
descends to the Bousfield localization: The homotopy fibre Ay, B above is the part
of the base space B which is not local. If the fibre sequence over this non-local space
AL, B is trivial, then the fibre localizes. Otherwise, there is nontrivial information
living over the non-local part which would necessarily be killed by localization
— therefore localization does not preserve such a fibre sequence. This yields a
sharp criterion for fibre sequences of simplicial presheaves to descend to a localized
model structure, and in particular allows to construct interesting fibre sequences
in A'-homotopy theory over general bases.

Note that the condition that f : X — Y is null-homotopic is essential. This
criterion does not work in full generality, it uses some assertions that only hold for
nullification functors, i.e. localization with respect to null-homotopic morphisms.
Our investigations in also yield a new proof of the relation between
nullification functors and properness of the local model structure: Localization
with respect to a morphism of connected simplicial presheaves f : X — Y is a
nullification if and only if the local model structure is proper.

The main application of the locality criterion above is however the description of
interesting fibre sequences in motivic homotopy theory. One particularly beautiful
such fibre sequence is the one we mentioned earlier:

Pl — P> v P>® — P,

It describes the homotopy type of the projective line P! as the homotopy fibre of the
fold map on the infinite projective space. This allows to reduce the computation of
the fundamental group sheaf 711*1 (P!) to an application of the van-Kampen theorem
to the wedge sum P> V P>. The above fibre sequence therefore implies that the
fundamental group of the projective line P! is a rather complicated and non-abelian
object.
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Another application of our general results is the computation of homotopy
groups of a split algebraic group: It turns out that such groups can have a quite
complicated fundamental groupoid related to the connected components or the
solvable radical, but the higher homotopy groups only depend on the root system
of the group. These higher homotopy groups can then be shown to be (related to)
unstable K-theory groups, in the definition of Karoubi and Villamayor.

For concrete computations, the behaviour of the spaces involved with respect
to polynomial rings is of fundamental importance: For a projective space bundle
P* — E — B to induce a fibre sequence in Al-homotopy theory, it is necessary
that all projective space bundles on X x A! are extended from bundles on X.
Such questions are not at all easy to answer, as the vast literature on the Serre
problem shows. Most of deals with such questions. Our main interest is
in the homotopy groups of algebraic groups. To describe these homotopy groups,
one of the crucial notions that has to be investigated is the affine Brown-Gersten

property. The main result of is the following

THEOREM 3 Let ® be a root system of rank tk® > 1, and let R be an excellent
Dedekind ring. Then the simplicial presheaf Sing‘}l(G(CI))) has the affine Brown-
Gersten property for the Nisnevich topology, where G(®) denotes the universal
Chevalley group scheme of type .

This generalizes results of Morel, which deal with the case of GL,, over a field.
We find that we can identify the A'-homotopy groups of a Chevalley group as the
corresponding unstable Karoubi-Villamayor K-groups. Similar results could also be
obtained for varieties related to GL,,, such as the Grassmann and Stiefel varieties.
The A'-homotopy groups of these varieties encode a great deal of information on
the behaviour of vector bundles and their generators. This is the main difference to
stable A'-homotopy, and motivation to further study unstable phenomena as well:
In stable A'-homotopy, we have algebraic K-theory, which encodes information
about vector bundles. On the other hand, the unstable K-theories describe vector
bundles with a given number of explicit generating sections. The difference between
stable and unstable K-groups then describes the behaviour of generating sections.

We hope that the results in this thesis will enable other interesting computa-
tions of Al-homotopy groups, and an understanding of the relation between the
geometry of schemes and their A'-homotopy types.



Structure of the Thesis: The thesis is structured as follows:

We start out in with a short overview of the general notions of
homotopical algebra, giving all the necessary definitions of model categories and
their properties which will be needed throughout the thesis.

In[Chapter 3] we will start with a very general class of model categories, namely
model categories of simplicial presheaves on some Grothendieck site, and investi-
gate what can be said about the theory of fibre sequences in such a model category.
The two most important properties of model categories of simplicial presheaves
turn out to be the existence of canonical homotopy colimit decompositions and
homotopy distributivity. Then we show how to construct classifying spaces for
fibre sequences, and give some examples of interesting fibre sequences of simplicial
presheaves. At the end of the chapter, we also discuss some prospects for further
work: Without going into the messy technical details, we outline the construction
of a Serre-type spectral sequences for model categories of simplicial sheaves.

The last two chapters then deal with localized model categories, in particular
with the Al-local model categories. We discuss fibrewise localization and its con-
sequences in From the existence of fibrewise localization it is possible
to derive a sharp criterion when a fibre sequence in a simplicial model category
is preserved by a nullification functor. We give some applications, i.e. some local
fibre sequences that allow a couple of computations in motivic homotopy theory.

Finally, [Chapter 5| describes what sort of geometric structures are needed to
determine if SingZ (X) is almost fibrant. This allows to show that certain fibre
bundles induce fibre sequences, and to determine the homotopy groups of Chevalley
groups over affine schemes over a Dedekind ring.
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Chapter 2

Preliminaries and Notation

Throughout the thesis, we will freely use the definitions and results of category
and topos theory. The general references used will be Mac Lane’s book [Mac98]
for category theory and [MM92] for topos theory.

The category of sets is denoted by Set, the category of simplicial objects in
a category C by A°PC. A general Grothendieck site will usually be denoted by
T, and the category of sheaves on T by Shu(T'). The sheafification functor will
usually be denoted by L?2.

Recall that a point of a topos is a pair of adjoint functors

Py : Set = Sho(T) : p*,

such that p* preserves finite limits. We will occasionally confuse the point p with
its inverse image part p*. Recall that a topos Shv(T') has enough points if points
separate distinct morphisms, i.e. for any two distinct morphisms f,g: X — Y in
Shv(T) there exists a point p such that p*(f) # p*(g). As is always the case, the
definitions and results we use are rather easy to write down in case the topos of
sheaves on T' has enough points [MM92, p. 523]. The same results still hold but
are rather tedious to work out if there are not enough points, in which case one
has to use a Boolean localization argument [MM92, Corollary I1X.11.2]. Since all
the sites we are dealing with in A'-homotopy do have enough points, the standard
way of dealing with this will be to give the precise definitions and proofs of the
results under the assumption that we have enough points, and only give short
explanations concerning the general case. If a topos has enough points, then there
is already a set of points which is conservative, cf. [I'ho85, Construction 1.31] and
[AGVT3l, Exposé IV, Proposition 6.5.b].

The main reference for algebraic geometry will be Hartshorne [Har77]. When-
ever we consider a category of schemes over a base scheme S, this base scheme will
usually be separated and of finite type. The category of smooth, separated, finite
type schemes over a base S is denoted by Smg. The category of all separated,
finite type schemes over a base S is denoted by Schg.

We denote by A® the standard cosimplicial object, with A% = S xz A7 and
A7, = SpecZlto, . .. ,tn]/Zti =1
i

9
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For a presheaf of sets F' on Smg, we denote by Sing‘}1 (F) the Al-simplicial reso-
lution of F', which is the simplicial presheaf of sets on Smg given by

Ul—)F(A.XU).

2.1 Homotopical Algebra

We first recall the basic notions of homotopical algebra. The conception of homo-
topical algebra is entirely due to Quillen [Qui67]. For an idea of what homotopical
algebra has become nowadays, as well as general reference for the definitions pre-
sented, we refer to [DS95) [GJ99 Hir03l [Hov98]. The central objects of interest
in homotopical algebra are model categories, which are categories with enough
structure to do all the constructions known from algebraic topology:

DEFINITION 2.1.1 (MODEL CATEGORY) A (closed) model category C is a cate-
gory equipped with three classes of morphisms, called cofibrations, fibrations and
weak equivalences, which satisfy the following conditions:

(MC1) C has all small limits and colimits.

(MC2) If f and g are composable morphisms and two of f, g and go f are weak
equivalences, then so is the third.

(MC3) If the morphism f is a retract of g and g is a weak equivalence, cofibration
or fibration, then so is f. Recall that f is a retract of g if the following
diagram is commutative:

SN
)
SN

id

X

f
X/

(MC4) Any fibration has the right lifting property w.r.t. trivial cofibrations, i.e.
for any commutative solid square

A—X

cl g f

B——Y,
with f a fibration and ¢ a trivial cofibration and weak equivalence, the
dotted lift g exists, and makes the diagram commute.

Similarly, trivial fibrations have the right lifting property w.r.t. cofibra-
tions.
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(MC5) Any morphism f has functorial factorizations f = p' oc and p o with p
resp. p' a fibration resp. trivial fibration, and c resp. ¢ a cofibration resp.
trivial cofibration.

As most of the model categories we consider have monomorphisms as cofibrations,
we will find it convenient to denote cofibrations by i: X — Y. A weak equivalence
need not be a homotopy equivalence, therefore usually has a direction, and we
therefore denote weak equivalences by X —— Y. If there is a zig-zag of weak
equivalences between two objects X and Y, we write X ~ Y.

REMARK 2.1.2 (PHILOSOPHY) The structure of a model category can be divided
nto a left and a right part, making all definitions appear in two dual forms. The
left part is the cofibration part, which (as we will see later on) interacts nicely
with left adjoint functors, in particular with products. The right part of the model
structure is the one governed by the fibrations and interacts nicely with right adjoint
functors such as hom-complexes.

The main examples of model categories are simplicial sets, topological spaces,
and categories of chain complexes of modules. We will discuss in more detail the
model category of simplicial sets, and its sheafification, the model categories of
simplicial sheaves on a Grothendieck site.

EXAMPLE 2.1.3 The category of simplicial sets has a model category structure. A
comprehensive overview of the subtleties of simplicial topology is given in [G.J99)].
Recall that the simplicial category A is the category having as objects finite or-
dinals n and morphisms between them order-preserving maps. There are distin-
guished such maps, the coface maps d' : n —1 — n and the codegeneracy maps
sj : n+ 1 — n, satisfying the cosimplicial identities. A simplicial set is then a
functor X : A°? — Set. The set X (n) is called the set of n-simplices, X (s7) are
the degeneracy maps, and X (d') the face maps. A morphism of simplicial sets is
a natural transformation between such functors.

Now for the model structure part: The cofibrations of simplicial are simply
the monomorphisms, and the fibrations are morphisms which have the right lifting
property w.r.t. all morphisms A} — A", with A" being the standard n-simplexz,
and A} being the subcomplex of A™ generated by all faces except the k-th face.

A simplicial homotopy of simplicial maps f,g : K — X, denoted by h: f ~ g,
is amap h: K x Al — X sitting in the following commutative diagram:

KxA'=K

. 1l f

id xd

K x Al - X
iddeT A
KxA'=K

For a fibrant simplicial set (or Kan set) X, i.e. one for which the structure
morphism X — pt is a fibration, homotopy is an equivalence relation and one
defines the simplicial homotopy groups m,(X,v) with a chosen base point v € X
to be the sets of homotopy classes of maps « : A" — X sitting in the following
commutative diagram:
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AT % o x

OA™" —— A0

This is well defined, and gives group structures for n > 1 which are abelian in
case n > 2. A weak equivalence of simplicial sets is then a map f: X — Y which
induces an isomorphism on simplicial homotopy groups and an isomorphism on
sets of connected components.

The last important structure of the model category of simplicial sets we want
to mention is the cartesian closed structure. This in particular allows to consider
categories enriched in simplicial sets. The cartesian product of simplicial sets is of
course the pointwise cartesian product of set-valued functors. The right adjoint is
an internal Hom-functor, and for simplicial sets is defined by

HOIII(X, Y)n = hoonpSet(X X An, Y)

These function complexes interact well with the model structure on the category
of simplicial sets, i.e. for any cofibration of simplicial sets i : K — L and any
fibration p : X — Y, the morphism

(i*vp*)

Hom(L, X) Hom(K, X) Xgom(k,y) Hom(L,Y')

is a fibration. This morphism is induced by the diagram

Hom(L, X) —>Hom(L,Y)

‘| B

Hom(K, X) —— Hom(K.Y).

This well-behavedness of the internal hom-functor w.r.t. the model structure is
essential for the definition of simplicial model categories which will be given later.

The internal hom-complexes can be used to give another definition of homotopy
groups which generalizes nicely to categories of sheaves. This definition can be
found in [Jar96]. Consider the following pullback diagram, assuming that X is
fibrant:

F,X —— Hom(A", X)

T

Xo —— Hom(0A"™, X).

The simplicial set X is the set of 0-simplices of X, and the connected components
of F,,X over x € Xy are in bijection with the n-th homotopy group of X with base
point x. O

EXAMPLE 2.1.4 We now describe the injective model structure on the category of
simplicial (pre-)sheaves on an arbitrary Grothendieck site, a construction due to
Jardine [Jar87]. For this reason, we will also refer to this model structure as Jardine
model structure. Let T be a Grothendieck site, let Shv(T') be the corresponding
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category of sheaves on T', and let A°PShv(T) denote the category of simplicial
sheaves of sets.

A cofibration of simplicial sheaves is a monomorphism in the category of sim-
plicial sheaves, which basically means that it is a pointwise monomorphism.

The weak equivalences are defined using the Grothendieck topology on the site
T. In the general case, one has to use a Boolean localization to define local weak
equivalences and to prove that they provide a model structure [Jar96]. We will
restrict ourselves to the case of a topos with enough points.

A morphism f: X — Y is a weak equivalence of simplicial sheaves if for any
point p* : Shv(T) — Set of the topos, the induced morphism of simplicial sets
p*(f): p*(X) — p*(Y) is a weak equivalence of simplicial sets.

Finally, a fibration of simplicial sheaves is a morphism which has the right
lifting property w.r.t. all trivial cofibrations. It is proved in [Jar87] that the above
definitions provide A°°Shv(T') with the structure of a model category. The same
is true for the category of A°? PShv(T') of simplicial presheaves on the site. Note
that weak equivalences still take into account the topology of the site, since they
are defined via the set of points. This implies that A°°Shv(T) and A°° PShv(T)
are Quillen-equivalent model categories, and the sheafification morphism is a weak
equivalence in A°° PSho(T).

We want to make a remark on homotopy groups of simplicial sheaves: Let X
be a fibrant simplicial sheaf, and let F;, X be the simplicial sheaf defined by the
following pullback:

F,X —— Hom(A", X)

T

Xo— Hom(0A", X).

The n-th homotopy group sheaf is then defined to be the sheaf of connected com-
ponents moF, X.

The following definition of weak equivalence is equivalent to the one given above
[Jar96, Lemma 26]: A morphism f: X — Y is a weak equivalence iff it induces an
isomorphism on connected components f, : moL? Ex® X — moL?Ex*Y and the
squares

L2 Ex® X LN L2 Ex®Y

| l

(L? Ex™ X)o —— (L2 Ex* Y )o

are pullback squares. In the above L? is the sheafification functor and Ex* is a
sheafification of the Ex®°-construction for simplicial sets. O

There are other model structures on categories of simplicial sheaves, like the
projective [Bla01l, [Dug0Ib], the flasque model structure [[sa05] and many other
intermediate ones [JarQ6b]. They all share the same class of weak equivalences, but
differ in the choice of fibrations resp. cofibrations. Each do have their respective
advantages: While the projective model structure has quite easy characterizations
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of fibrant objects, the injective model structure has the property that all objects
are cofibrant.

In any model category, one can define cylinder and path objects, which are the
analogues of the topological X x [0,1] resp. map([0, 1], X). They can be used to
define left and right homotopies and to give a direct construction of the homotopy
category.

DEFINITION 2.1.5 Let C be a model category, and A an object of C. A cylinder
object for A is a commutative triangle

AUA

'

Ai—— A

In the above, V : AUUA — A is the fold map which is the identity on each summand,
1 18 a cofibration, and o is a weak equivalence. A cylinder object is usually denoted
by A x I, and there are maps ig,i1 : A — A x I.

Dually, a path object s a commutative triangle

A
S
A—% AXA

In the above, A : A — A x A is the diagonal, s is a weak equivalence and p is a
fibration. The path object is usually denoted by Al.

Note that the factorization axiom CMb5 produces cylinder resp. path objects
in any model category. The above cylinder resp. path objects allow to define left
resp. right homotopies. Being left resp. right homotopic are equivalence relations
for cofibrant and fibrant objects, which moreover are the same. The homotopy
category HoC of the model category C is defined to be the category whose objects
are the cofibrant and fibrant objects of C and whose morphisms are homotopy
classes of maps. For more details on the construction of the homotopy category
and the proofs of the above statements, see e.g. [(.J99, Section II.1].

We continue with two important properties of model categories, which will be
satisfied in particular by model categories of simplicial sheaves.

DEFINITION 2.1.6 (PROPERNESS) A model category C is called left resp. right
proper if every pushout of a weak equivalence along a cofibration is a weak equiv-
alence resp. if every pullback of a weak equivalence along a fibration is a weak
equivalence. The model category C is called proper if it is both left and right
proper.

DEFINITION 2.1.7 A category C is a simplicial category if it is enriched in the
category of simplicial sets, i.e. there is a mapping space functor

Hom¢(—,—) : C°? x C — A°PSet

such that the following conditions are satisfied:
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(i) Hom¢(A, B)y = home (A, B),

(ii) the functor Hom¢ (A, —) has a left adjoint A @ — : A°P’Set — C, which
satisfies associativity

AR(KXL)2(A® K)® L
for A€ C and K,L € A°Set,

(i1i) the functor Home(—, B) : CP — A°PSet has a left adjoint home : CP —
A% Set.

Note that this makes sense because the category of simplicial sets is a monoidal
closed category as shown in[Ezample 2.1.3

A model category C is called simplicial if it is a simplicial category and addi-
tionally Quillen’s axiom SM7 is satisfied: For any cofibration j : A — B € C and
fibration q : X — 'Y € C the morphism

Home(B, X) —%) Home(A, X) X frome (4.y) Home (B, Y)

s a fibration which is trivial if j or q is trivial.

Pointed Model Categories and Fibre Sequences: Pointed model categories
are those model categories which have an object, denoted by * or pt, which is both
terminal and initial.

There are some additional structures one can define in a pointed model cate-
gory: The disjoint sum of objects X and Y becomes the wedge sum X V'Y, which
is the pushout of X <« % — Y. There also exists another product for pointed
spaces X and Y, the smash product X A'Y, which is defined as the cokernel of
(idx*)V(xxid): X VY — X x Y.

It is also possible to define suspension and loop space functors, which is why
fibre sequences are treated in the setting of pointed model categories. Let X be
an object in a pointed model category C, denote by QX resp. RX a cofibrant
resp. fibrant replacement. The suspension XX of X is defined to be the cokernel
of QX VQX — QX x I. Dually, the loop space 2X of X is defined to be the
kernel of (RX)! — RX x RX.

We now repeat the standard definition of fibre sequences in model categories,
taken from [Hov9§|. For details of the proof see [Hov98, Theorem 6.2.1].

DEFINITION 2.1.8 Given a fibration p : E — B of fibrant objects with fibre i : F' —
E. There is an action of QB on F, given as follows. Let h: A x I — B represent
[h] € [A,QB] and let u: A — F represent [u] € [A, F|. We definea: Ax I — E
as the lift in the following diagram.:

A E
iol P
AxI——BRB
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Then define [u].[h] = [w] with w : A — F to be the unique map satisfying i o w =
Q0.

This defines a natural right action of [A, QB] on [A, F] for any A, which suffices
to provide an action of QB on F'.

This motivates the definition of fibre sequences [Hov98, Definition 6.2.6], given
as follows:

DEFINITION 2.1.9 Let C be a pointed model category. A fibre sequence is a diagram
X =Y — Z together with a right action of QZ on X that is isomorphic in HoC

to a diagram F —— E L, B where p is a fibration of fibrant objects with fibre i
and F has the right QB-action of [Definition 2.1.8,

The importance of fibre sequences lies in the fact that they give rise to long
exact homotopy sequences. We actually give a construction of the long exact
sequence of homotopy group sheaves for a fibre sequence of simplicial sheaves.
Assuming the topos has enough points, all we need to do is construct the boundary
map.

DEFINITION 2.1.10 Let p: E — B be a fibration of fibrant simplicial sheaves, let
x € B be a base point, and let F = p~'(z) with chosen base point y € F. Then
there is a boundary map

0 : Wn(B,x) - anl(F, y)a

given as dof € m,_1(F,y) where 0 is the lift in the following diagram:
Ag ('7y7---7y) E

=

A" B.

The morphism « : A™ — B represents a homotopy class in mp(B,x).

Once we have the existence of the boundary map, we can check exactness of
the sequence by just checking exactness at the points, where it is just the usual
long exact homotopy sequence for a fibration of simplicial sets [G.I99, Lemma 7.3].

PROPOSITION 2.1.11 Let p : E — B be a fibre sequence of simplicial presheaves.
Then the following sequence is an exact sequence of sheaves:

. . 8
- — 7 (Fy) SELLEN Tn(E,y) LN Tn(B,x) — mp_1(F,y) — -

- mo(F) = mo(B) —2 mo(B)

Forn > 1 it is an exact sequence of sheaves of groups, and for the mg-part it is
an ezxact sequence of sheaves of sets, in the sense that at the points the image of a
map equals the kernel of the following map.

Although the above formulation is for sheaves of homotopy groups, a similar
version can be formulated for sheaves of homotopy groups fibred over the sheaf of
0-simplices.
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Functors between Model Categories: Functors between model categories
which are compatible with the model structures are called Quillen functors. Note
that these functors only preserve one part of the model structure, which is why we
distinguish between left resp. right Quillen functors.

DEFINITION 2.1.12 Let C and D be two model categories. A functor F : C — D is
called left Quillen functor if F is a left adjoint functor, and preserves cofibrations
and trivial cofibrations. Dually, a functor G : D — C is called a right Quillen
functor if G is a right adjoint functor, and preserves fibrations and trivial fibrations.
A Quillen adjunction between C and D is an adjoint pair of functors

F:CsD:G,

where F' is a left Quillen functor and G is a right Quillen functor.
A Quillen adjunction
F:CsSD:G
s called a Quillen equivalence if for all cofibrant X in C and all fibrant Y in D a
morphism f: FX — Y is a weak equivalence in D iff its adjoint g : X — GY is a
weak equivalence in C.

Quillen functors are the homotopical analogues of left resp. right exact functors:
It is possible to define derived functors on the level of the homotopy categories.
Quillen equivalences are pairs of functors that induce equivalences of the homotopy
categories. Note however that the existence of the functors on the level of the model
categories is much stronger than just a simple categorical equivalence of homotopy
categories, all the higher homotopy structure present in the model category is
preserved by a Quillen equivalence.

Let C be a simplicial model category, let A be any category and let F' : C — A be
a functor which takes weak equivalences between cofibrant objects to isomorphisms.
Then we can define a total left derived functor LF : HoC — A by setting LF(X) =
F(QX) for QX a cofibrant replacement of X. Dually we can define total right
derived functors RF : HoC — A for any functor F' which takes weak equivalences
between fibrant objects to isomorphisms by setting RF(X) = F(RX) for a fibrant
replacement RX of X.

THEOREM 2.1.13 (ToTAL DERIVED FUNCTOR THEOREM) Let
F:CsD:G

be a Quillen adjunction. Then there is an adjunction between the total derived
functors on the level of the homotopy categories:

LF :HoC=HoD:RdG.

If the above Quillen adjunction (F,G) is a Quillen equivalence, the total derived
functors form an adjoint equivalence as well.

One natural adjunction to apply this theorem to is the hom-tensor adjunction,
which yields adjunctions between the derived product and the derived hom-spaces.
Another application of the total derived functor theorem is the abstract definition
of homotopy limits and colimits, which will be explained in
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EXAMPLE 2.1.14 A natural example of a Quillen equivalence is the equivalence
between the model category A°?Shv(T') of simplicial sheaves on a site T" and the
model category A°PShv(T), of pointed simplicial sheaves on T'. The corresponding
adjoint functors are U : A°°’Shv(T'), — A°PShv(T), which forgets the base point,
and F : A’Sho(T) — A°PSho(T), : X — X4, which adds a disjoint base point.

O

Size Matters: In this paragraph we recall some of the smallness conditions
one can impose on model categories. These are homotopical generalizations of
categorical properties like local presentability and describe how good homotopy
types can be approximated by “small” homotopy types. Such smallness properties
will be particularly important for canonical decompositions of objects and the
Brown representability theorem which we will use.

A cardinal A is called regular if for any A with |A| < A and any A-indexed
collection (By)aeca with |By| < A for all a € A, we have

U

a€A

< A

We consider a cocomplete category C. For an ordinal A, a A-sequence in C is
a colimit-preserving diagram X : A — C, using the usual interpretation of ordered
sets as categories. Colimit-preserving means that for any limit ordinal v < X the
induced morphism
colim X (8) — X (v)
B<y
is an isomorphism. The morphism X (0) — colimg.y X (/) is called the transfinite
composition of the A\-sequence X.
For a cardinal 7, an ordinal « is called ~-filtered if it is a limit ordinal and for
any A C a with |A] <+ we have sup A < a.

DEFINITION 2.1.15 (SMALL OBJECTS) Let C be a cocomplete category and let D
be a subcategory of C. If k is a cardinal, an object W € C is k-small relative to D
if for every reqular cardinal A > k and every A-sequence X : A — D the canonical
morphism is an isomorphism:

lim H W. X = . H W. colim X (3)).
colim Home (W, X (§)) —— Home (W, colim X(5))

The property of being cofibrantly generated for a model category states that
all the trivial fibrations and cofibrations are already determined by a sub-set of
cofibrations, and a similar statement holds for the fibrations and trivial cofibrations
as well. We will introduce the necessary terminology in the next definition. For
more information on the material see [Hir(3, Section 10.5].

DEFINITION 2.1.16 Let I be a set of maps of a category C.

The subcategory of I-injectives is the subcategory of morphisms having the right
lifting properties w.r.t. every element of I.

The subcategory of I-cofibrations is the subcategory of maps that have the left
lifting property w.r.t. every I-injective.
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The subcategory of relative I-cell complex is the subcategory of those morphisms
which can be constructed as transfinite compositions of pushouts of elements of I.

For a category C, a set I of maps of C permits the small object argument if the
domains of the elements of I are small relative to I.

The small object argument as described e.g. in [Hir(3, Proposition 10.5.16]
states that any map can be factored into a relative I-cell complex and an I-injective
map.

DEFINITION 2.1.17 A cofibrantly generated model category is a model category C
such that

(i) there exists a set I of generating cofibrations that permits the small object
argument and such that a map is a trivial fibration iff it has the right lifting
property w.r.t. every element of I, and

(ii) there exists a set J of generating trivial cofibrations that permits the small
object argument and such that a map is a fibration iff it has the right lifting
property w.r.t. every element of J.

Combinatoriality of a model category is a slightly stronger property than be-
ing cofibrantly generated, requiring also that the underlying category be locally
presentable. For more informations on such smallness properties of categories, see
[Bor94l, Chapter 5].

DEFINITION 2.1.18 A category C is called locally presentable if it has all small
colimits and there exists a reqular cardinal X and a set of objects A C Ob(C) such
that

(i) every object in A is small w.r.t. \-filtered colimits, and
(ii) every object of C can be expressed as a \-filtered colimit of elements of A.

A model category is called combinatorial if it is cofibrantly generated and the
underlying category is locally presentable.

In other words, a locally presentable category C has all small colimits and a
dense subcategory D — C which is small. This means that any object of C is
a small colimit of objects from D. Therefore to understand any object in the
category C, one only needs to look at objects that are small compared to some
large enough regular cardinal A\. The corresponding model category notion of
combinatoriality is the homotopy analogue: To understand any homotopy type in
the model category C, one only needs homotopy types that are small w.r.t. the
regular cardinal A, and there is a only a set of those. This is a statement that
holds for all model categories of simplicial sheaves on a Grothendieck site, and it
will imply the existence of rather canonical homotopy colimit decompositions in
those. This will be discussed in Seciion 3.1

Obviously we only introduced all those model category properties because we
are going to use them and because they do hold for model categories of simplicial
sheaves. Here’s the well-known result:
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PROPOSITION 2.1.19 Let T be any Grothendieck site. Then the injective model
structure of Jardine on the category of presheaves of simplicial sets on T is a
proper simplicial and cofibrantly generated model structure.

PROOF: The favourite references for the proofs are [Jar87, Theorem 2.3, Corollary
2.7] and [Jar96, Theorem 18]. Properness and simpliciality are proven in [Jar96l
Theorem 24]. The fact that the model categories are cofibrantly generated is
implicit in Jardine’s proofs, though not explicitly stated. The combinatoriality
follows since categories of sheaves on a Grothendieck site are locally presentable
[Bor94]. |

REMARK 2.1.20 We give some more details on cofibrant generation in model cat-
egories of simplicial presheaves. The key step is |Jar87, Lemma 2.4).

Let T be a Grothendieck site, and assume for simplicity it is small, not just
essentially small. Then there exists a reqular cardinal o greater than the set of all
subsets of the set of morphisms of T'. A simplicial presheaf is called a-bounded if
the cardinality of X,,(U) is smaller than o for allU € T and n > 0. Lemma 2.4 in
[Jar8’l] then states that to check if p: E — B is a global fibration it suffices to check
if it is I-injective with I the set of cofibrations i : A — B with a-bounded codomain
B. A modification of the proof of Lemma 2.4 shows the same for cofibrations
and trivial global fibrations. This implies that the corresponding model category is
cofibrantly generated.

Note also that the above is stronger: There is not just a bound on the size of
the domain of the generating (trivial) cofibrations, but also on the codomains. The
Jardine model structure does not seem to be cellular, however.

REMARK 2.1.21 Note that such smallness conditions depend strongly on the choice
of the class of cofibrations. This implies that properties like being cofibrantly gener-
ated are not necessarily preserved under Quillen equivalences of model categories.

In particular, choosing a smaller class of cofibrations like in the projective model
structures of [Blal, [Dug01Y|], it is possible to obtain even stronger smallness prop-
erties like cellularity.

Cellularity and its consequences are explained in [Hir()d, Chapter 12/, and the
proof that the projective model structure on a category of simplicial sheaves is
proper, simplicial and cellular is given in [Bla(f, Theorem 1.5, Theorem 2.1].

This implies that a result slightly stronger than [Proposition 2.1.19 can be 0b-
tained for the projective model structures on simplicial presheaves.

Compactness in Model Categories: There is yet another size condition for
model categories which we need for Jardine’s version of Brown representability
[Jar06d] to work.

DEFINITION 2.1.22 A model category C is called compactly generated, if there is
a set of compact cofibrant objects {K;} such that a map f : X — Y is a weak
equivalence iff it induces a bijection

(=23

[K;, X] —— [K;,Y]

for all objects K; in the generating set.
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This is a size condition that does not hold for all model categories of simplicial
sheaves. In the next section we will discuss the Grothendieck sites we will study
in this thesis, and prove that the model categories of sheaves on these sites are
compactly generated in the above sense.

2.2 Sites for Motivic Homotopy Theory

In this section, we will describe the Grothendieck topologies that are most relevant
for this thesis, namely the Zariski, Nisnevich and cdh-topologies on the categories
of smooth schemes over a base scheme S. They are all given by cd-structures in
the sense of Voevodsky, and they allow to prove some strong descent and compact-
ness theorems. The compactness statements are needed to apply Jardine’s Brown
representability result, and the descent results can be used to check if a simplicial
sheaf is fibrant.

Completely Decomposed Topologies: We first recall the definition of a cd-
structure due to Voevodsky [Voe(0al.

DEFINITION 2.2.1 Let C be a small category. A cd-structure on C is a class P of
commutative squares in C, which is closed under isomorphisms. The elements of
P are called distinguished squares.

For such a cd-structure, the associated Grothendieck topology tp on C is defined
to be the smallest Grothendieck topology for which the distinguished squares are
coverings.

DEFINITION 2.2.2 Let P be a cd-structure on a category C.

The cd-structure P is called complete if any covering sieve of an object ) £ X €
C contains a sieve generated by a simple covering. The class of simple coverings is
the smallest class of covering families U; — U containing isomorphisms, such that
for any distinguished square

f

%Y

!

A—6>X

and simple coverings q; : Aj — A and p; : Y; — Y the covering family {e o g; :
A - A— X pop;:Y; =Y — X} is a simple covering of X.

The cd-structure P is called regular if any distinguished square as above is a
pullback square with e : A — X a monomorphism such that the following morphism
of the represented sheaves is surjective:

AT < £):Y[[(BxaB) =Y xxY.

REMARK 2.2.3 There is also the notion of a bounded cd-structure: For any cd-
structure one can define the dimension of objects in a category with cd-structure,
and boundedness describes cd-structures such that the objects are locally finite-
dimensional. The only facts we will use about these properties is however that the
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standard cd-structures discussed below are bounded, complete and regular. We will
therefore not discuss the precise definition of bounded cd-structure which is a bit
lengthy. For details see [VoellOd, Section 2].

The following examples describe the cd-structures and Grothendieck topologies
that are most interesting for Al-homotopy.

EXAMPLE 2.2.4 (ZARISKI TOPOLOGY) The distinguished squares for the Zariski
topology are of the form

UxxV——V

|

U X,

J
where ¢ and j are open immersions. The corresponding cd-structure is called the

plain upper cd-structure. O

EXAMPLE 2.2.5 (NISNEVICH TOPOLOGY) Recall from [MV99, Definition 3.1.3],
that an elementary distinguished square of the upper cd-structure in the category
of smooth schemes over S is a cartesian square

UxxV——V

|k

U X,

J

such that p is étale, j is an open immersion and p~'(X \ U) — X \ U is an
isomorphism for the reduced induced structures. The Nisnevich topology is the
Grothendieck topology generated by the upper cd-structure. O

EXAMPLE 2.2.6 (CDH- RESP. SCDH-TOPOLOGY) The cdh-topology is the smallest
Grothendieck topology on Schg generated by the combined cd-structure, whose
distinguished squares are the distinguished squares for the Nisnevich topology and
squares of the form

Y xx X' — X’

b

Y X

i )
where i is a closed immersion and 7 is a proper morphisms such that 7=1(X\Y) —
X \ 'Y is an isomorphism. Such squares are called abstract blow-up squares.

The scdh-topology is the smallest Grothendieck topology on Smg generated
by the distinguished squares for the Nisnevich topology and abstract blow-up
squares isomorphic to blow-ups of smooth schemes along smooth centres. The
scdh-topology is actually the restriction of the cdh-topology to the category Smg
of smooth schemes. O
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PROPOSITION 2.2.7 The above cd-structures on Schg are complete, bounded and
reqular. On Smg, the upper and plain upper cd-structure are bounded, complete
and regular for any base. The combined cd-structure is bounded, complete and
reqular if S is a field admitting resolution of singularities.

PROOF: The statement is proven in various Lemmas in [Voe(OOb]. Lemma 2.2
shows that the standard cd-structures are complete on Schg for any base, and
that the upper and plain upper cd-structures are complete on Smg. Lemma 4.3
shows that the combined cd-structure is complete for Smg if S is a field admitting
resolution of singularities.

Lemma 2.13 and Lemma 4.5 show that the standard cd-structures on Schg and
Smg are regular, and Proposition 2.12 and Lemma 4.4 show boundedness of the
standard cd-structures on Schg and Smg. |

Descent and Compactness: In general it is rather complicated to check if a
given simplicial presheaf X is fibrant. Even checking if X is quasi-fibrant, i.e. if
the homotopy groups of the sections 7, X (U) for U € T are really the homotopy
groups of a fibrant replacement of X is difficult. For the Grothendieck topologies
induced by cd-structures on schemes, there is however an easier way to do this.
The Brown-Gersten property is a good criterion to check if simplicial sheaves are
quasi-fibrant. It was first used in the work of Brown and Gersten [BGT73] to show
that the K-theory presheaf is quasi-fibrant for the Zariski-topology.

DEFINITION 2.2.8 (BROWN-GERSTEN PROPERTY) Let C be a category with a cd-
structure P.

A simplicial presheaf F has the Brown-Gersten property for P if each distin-
guished square gives rise to a homotopy cartesian square of simplicial sets:

F(X) ——=F(V)

L

FU) —=F (W),

The importance of the Brown-Gersten property lies in the fact that for a fibrant
replacement .# of .%, the induced morphisms .Z(U) — .Z(U) are weak equiva-
lences. This allows direct computation of some homotopy groups without the ado
of fibrant replacement. The following important descent theorem from [CHSWO6,
Theorem 3.4] makes precise the above remarks.

THEOREM 2.2.9 Let C be a category with o bounded, complete and reqular cd-
structure P. Then a presheaf of simplicial sets is quasi-fibrant iff it satisfies the
Brown-Gersten property for P.

Recall that a simplicial presheaf .% on T is called quasi-fibrant if the fibrant
replacement .% in the injective model structure induces weak equivalences on all
spaces of sections, i.e .Z(U) — .Z(U) is a weak equivalence for any U € T.

This generalizes earlier descent-type results for the Zariski topology [BGT3]
Theorem 4] resp. the Nisnevich topology [MV99l Proposition 3.1.16].
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Using the above descent result, it is possible to prove that the injective model
structures on a category of simplicial sheaves for a site with a cd-structure is
compactly generated:

PROPOSITION 2.2.10 Let T be a site with a topology coming from a complete,
bounded and reqular cd-structure. Then the model category A°°Shv(T') with the
injective model structure is compactly generated in the sense of [Definttion 2.1.29

In particular, this holds for the site T = Smg of all smooth schemes over a
finite type scheme S with either the Zariski or Nisnevich. Similarly, it holds for
the cdh-topology on the category Schg.

PROOF: It is clear that for any inductive system
Yo=Y = Yy oo

of globally fibrant simplicial presheaves on a cd-topology, the colimit colim; Y; has
the Brown-Gersten property, and therefore colim;Y; is quasi-fibrant. Using the
same argument as given in [Jar(6c, Section 3| for the examples (1) and (2) given
there, it follows that the collection of K ® U, with K a finite simplicial set and
U € T contains a set of compact generators of A°°’Shv(T). Recall that ® denoted
one of the adjoint functors of the simplicial structure on A°°Shv(T). |

REMARK 2.2.11 We note, that from Voevodsky’s work on completely decomposed
topologies it follows that his Brown-Gersten-type model structure as well as the local
projective model structure of Blander also are compactly generated. See [Voel(a,
Hou01b).

2.3 Remarks

This section contains some paragraphs dealing with simple technicalities that are
used all over the place. The first paragraph discusses why a sheaf of constant
simplicial sets is fibrant, the second discusses consequences of properness, and
finally we discuss different notions of connectedness of simplicial presheaves.

Fibrancy of Constant Simplicial Sheaves: We first discuss the homotopy
types of representable objects. These are rather simple:

LEMMA 2.3.1 For any Grothendieck site T, a presheaf of constant simplicial sets
is fibrant iff it is a sheaf.

We give several ways of seeing this: Let X be a presheaf of constant simplicial
sets.

The first way is to look at the stalks of a presheaf of constant simplicial sets.
For any point p of Shv(T'), p*(X) is a directed colimit of constant simplicial sets,
therefore is a constant simplicial set. The sheaves of homotopy groups therefore
have trivial stalks, so they have to be trivial. There is no higher homotopy and
the sheaf of connected components is the sheafification of X.

If the topology on T comes from a cd-structure, one can also use the characteri-
zation of quasi-fibrant sets via the Brown-Gersten type properties. A morphism of
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constant simplicial sets is a fibration, since the lifting properties begin in degree 2
with AZZ < A2, and all such simplices are degenerate. Thus a presheaf of constant
simplicial sets satisfies the Brown-Gersten property iff it is a sheaf, because all the
morphisms are fibrations, so the distinguished square is a homotopy pullback iff it
is a pullback of sets.

Finally, one can use the characterization of fibrancy using hypercover descent
from [DHIO4]. Any simplicial presheaf is objectwise fibrant because a constant
simplicial set is fibrant. Moreover, for simplicial dimension zero, hypercover descent
is the same as Cech descent [DHI0O4, Corollary A.9], and the latter reduces to the
sheaf axiom for simplicial dimension zero.

This implies that a sheaf of constant simplicial sets is Al-local as soon as it is
Al-invariant. The Al-invariant schemes are therefore cofibrant and fibrant in the
Al-local model structure, so morphisms between them in the homotopy category
are just regular morphisms.

The proper topological analogue of this is the rigidity of hyperbolic manifolds:
One way to define hyperbolic manifolds is via non-existence of holomorphic maps
C — X. This is basically Al-rigidity. The famous rigidity theorems of Mostow
and others show that any two hyperbolic manifolds which are homotopy equivalent
are already homeomorphic. Therefore the functor from the category of hyperbolic
manifolds to the homotopy category of topological spaces is a full embedding.
However, although there is a formal analogy between these two settings, the state-
ment in the Al-world is rather easy to obtain, since the Al-local homotopy types
are basically simplicial sheaves of simplicial dimension zero, the sections over a
smooth scheme U being exactly the morphism U — X. Therefore we see that
Al-homotopy is not very interesting for hyperbolic or anabelian varieties.

Although the simplicial homotopy of representable objects is rather simple,
there are some situations where the simplicial homotopy is already interesting
before localizing Al

As a simple example, we can consider pointed homotopy colimits of the Al-
rigid variety G,,, like the suspension ¥G,,. This is not obviously A'-local and it
is also no longer of simplicial dimension zero. The value at a henselian local ring
ﬁ;},x is given by E(ﬁkx)*, with G = (ﬁ%x)* viewed as a group. This has lots
of interesting higher homotopy, coming from the wedge BG V BG. It is easy to
imagine that one can build arbitrarily complicated simplicial sheaves by just taking
such pointed homotopy colimits. We will see that some of these constructions can
be identified with concrete smooth schemes in the A'-local model structure. As an
example XG,, ~ P!

Another interesting situation is the case of simplicial schemes, as long as they
are not hypercoverings of representable things: By the hypercover descent char-
acterization of model structures on simplicial presheaves in [DHI04], a hypercover
Ve — U of a representable U is a weak equivalence. One example is to take the
Nisnevich topology and consider the simplicial scheme coming from de Jong’s the-
orem applied to any singular variety. It is not clear if this is homotopy equivalent
to the corresponding singular variety, but still it seems an interesting object of
study.
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On the Non-fibrant Base Problem: We found it necessary to include the
following statement on fibre sequences in proper model categories, as it is not clear
whether any fibration in an arbitrary model category gives rise to a fibre sequence
in the sense of [Definition 2.1.91

We first repeat one important consequence of right properness, namely the
cogluing lemma [G.J99, Corollary I1.8.13]:

LEMMA 2.3.2 (COGLUING LEMMA) Suppose that C is a proper model category.
Consider a diagram

X1—>Y1<p—121

| 7

Xo —>Y2<p—2Z27

where the maps p1 and py are fibrations and the three wvertical maps are weak
equivalences. Then the induced map X1 Xy, Z1 — Xo Xy, Z3 is a weak equivalence.

Note that this in particular implies that products of weak equivalences of fibrant
objects are again weak equivalences in any proper model category.

PROPOSITION 2.3.3 Let C be a proper pointed model category in which all objects
are cofibrant. Denoting F' = p~1(%), the sequence F — E L. Bis a fibre sequence
for any fibration p : E — B, in particular for B not fibrant.

ProoOF: We plan to apply the cogluing lemma to the following diagram:
¥ —>=B=<2 F
R
~ D ~
*

In this diagram, ¢ is a fibrant replacement of B. Then we obtain the right-hand
square by factoring g o p as trivial cofibration h followed by a fibration p.

By the cogluing lemma, we obtain that the canonical map k : F — F between
the pullbacks of the two relevant diagrams above is a weak equivalence. Moreover,
since p and p are fibrations, the spaces F and F are weakly equivalent to the
corresponding homotopy fibres. Both F and F are fibrant, since fibrations are
stable under pullbacks.

We equip F' with the action given by as follows:

QBXFW‘

QBx F——=F—F
The first map is a product of weak equivalences, the second is the action of QB
on F as given by Defimition 2.1.8 As noted above, both F' and F are cofibrant
and fibrant, so k& has a homotopy inverse k~! by the Whitehead theorem [G.J99,
Theorem I1.1.10].

This is well defined in HoC and by definition k is (g-equivariant. Therefore,
we get the following commutative diagram in HoC, in which the vertical arrows
are isomorphisms and k is {2g-equivariant.
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IR

F—=FE—2>B
k|= hl” g
F E—B

Thus F — E — B is a fibre sequence. |

REMARK 2.3.4 (i) More generally it follows that for any morphism f: X — Y,
the sequence hofib(f) — X — Y is a fibre sequence. We see that the theory
of fibre sequences and homotopy pullbacks is easier in proper model categories
than in general model categories.

(i) Note that the condition that all objects be cofibrant is satisfied for the Jardine
model structure on A°°Shv(T). It is however not actually essential, since
the definition of the action of QB on the fibre F' of a fibration p: E — B in
[Definition 2.1.§ still works if we replace F by a cofibrant approzimation F.
Therefore F — E — B is also a fibre sequence. This argument can be used
to drop the assumption that all objects are cofibrant.

On Connectivity Assumptions: In the thesis, we generalize several results on
fibrations and localizations for simplicial sets to the setting of simplicial presheaves.
Some of these results, such as the classification of fibre sequences, several results
from [Dro96], or the characterization of nullifications in [BEO3] have connectiv-
ity assumptions in their statements. Such connectivity assumptions can not be
generalized verbatim to sheaves. One of the reasons is that the definition of con-
nectedness via my does not apply very well to simplicial presheaves. Another reason
is that there are several characterizations of connectedness which agree for simpli-
cial sets, but differ for simplicial presheaves. In the following, we will define and
compare several notions of connectedness which are used in the thesis.

The most obvious way to define connectedness is the one used e.g. in [MV99,
Corollary 2.3.22].

DEFINITION 2.3.5 Let X be a simplicial presheaf on a Grothendieck site T. We
say that X is mp-connected if L?moX = 0, where L? denotes again sheafification.
In other words, for any point x of the topos Shv(T'), we require that the simplicial
set x*(X) is connected.

There are many simplicial presheaves, in particular the zero-dimensional ones,
which are not mp-connected in the above sense. For the classification of fibre
sequences, it is necessary to know that all the fibres have the same homotopy type,
which is the reason for the restriction to connected base spaces, cf. [AII66].

One way to lift this connectedness assumption, which we will use in
for the construction of classifying spaces, is the restriction to locally trivial fibre
sequences. This basically has the same effect as requiring that the fibres over all
the connected components have the same homotopy type.

A morphism p: X — Y of schemes is called locally trivial in the topology T if
there exists a T-covering U; of Y and a scheme F such that U; x F 2 U; xy X. It
is called locally trivial with fibre F if there exists a morphism F' — X inducing the
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above isomorphisms. This implies that for any point = of the topos Shv(T), the
fibres of x*(p) over the various components of z*(B) will be isomorphic.

We can generalize this to fibrations as follows: For a fibration p: £ — B with
fibre F', and a point = of the topos, we can look at x*(p). The homotopy fibre
hofib z*(p) is weakly equivalent to x*(hofibp), [MV99, Lemma 2.1.20]. Then we
say that a fibration p : F — B of simplicial sheaves on a site T' is locally trivial
if for any point = of the topos Shv(T'), any two connected components of z*(B)
have weakly equivalent fibres. This is the same as requiring that for any point x
and any morphism z — B we have a splitting x xg E ~ x X F, which in turn
is equivalent to the assertion that for every object U € T and morphism U — B
there exists a covering U; — U such that U; xg E ~ U; X F.

Note that a fibre sequence in A°? PShv(T') need not be locally trivial w.r.t. the
topology of T'. It however is obvious that over a my-connected simplicial presheaf
B, every fibration p : F — B is locally trivial. There is yet another notion of
connectedness which is defined exactly via the latter statement, which was defined
in [CS06]:

DEFINITION 2.3.6 An object B of a model category C is called path-connected if
any morphism f : E — B is a weak equivalence iff its homotopy fibre hofib(p) is
trivial.

This definition works in arbitrary model categories, and is weaker than -
connectedness, as the following example shows:

EXAMPLE 2.3.7 The constant simplicial sheaf G,,, on Smg is path-connected:

We consider a point x of the Zariski topos, which is a local ring R over the
base S. Let two morphisms f,g : SpecR — G,, be given. These are units of
R, hence there exists an isomorphism fg~!: R — R making the obvious diagram
commute. The morphisms f and g represent two different non-homotopic elements
of *(G,,) but due to the existence of the above isomorphism, we will always get
induced weak equivalences on the fibres of a fibration over G,:

~

Fy — Fy E

R

Spec R — Spec R —— G,,

The above isomorphisms are “homotopies” connecting different units of the local
ring R which are however not visible at the level of sheaf homotopy. Their existence
can only be seen from the fact that any fibration over G,, is locally trivial. O

Therefore my-connectedness implies path-connectedness, but the implication
is strict. Path-connectedness is usually used in the following implication: Let
p : E — B be a morphism, with B path-connected, whose homotopy fibre is
trivial. Then p is a weak equivalence. With a little more control on the other
components, which do not contain the base point, one can lift the restriction of
path-connectedness.

Finally there is also a cohomotopy notion of connectedness. Whereas the -
version of connectedness requires that all morphisms S° — X are homotopic, the
dual version requires that all morphisms X — S° are homotopic.
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DEFINITION 2.3.8 Let X be a pointed simplicial presheaf on a Grothendieck site T'.
We say that X is m-connected if all pointed morphisms X — SO are homotopic.
Let f: X — Y be a morphism of simplicial presheaves in A°° PShv(T). We
say this morphism is m°-connected iff for every representable U € T, we have a
bijection of morphisms in C = Ho(A°? PShv(T)):

Home (U x Y, SY) — Home(U x X, S9).

Note that mY-connectedness of a morphism f implies that S° is f-local, by
definition of f-locality. As we have seen earlier in this section, a sheaf of simplicial
sets of dimension zero is fibrant in the simplicial model structure. Since S° is a
constant sheaf and by 7%-connectedness is also f-local, it is a fibrant object in the
f-local model structure.

Finally, we find that 7%-connectedness is the weakest of the various notions
defined: The morphism * — Al in A°° PShv(Smg) is connected in the above
sense, and therefore S is Al-local: The projection U x A' — U induces a bijection
on connected components, and therefore a bijection S°(U) — S°(U x Al') on sets
of sections of the constant simplicial sheaf SY.

We also want to note that one can define a notion of Al'-connectedness, cf.
[Mor(6al, but we will not have occasion to use this version of connectedness.
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Chapter 3

Homotopy Colimits and
Fibrations

This chapter deals with the homotopical theory of fibrations in categories of sim-
plicial presheaves on a Grothendieck site: We discuss the importance of canonical
homotopy colimit decompositions and homotopy distributivity. These two prop-
erties lie at the heart of most of the results proven in the thesis: Several of the
important properties of the model category of simplicial sets can be generalized to
categories of simplicial presheaves by using these two properties. We also show how
to decompose a fibration of simplicial presheaves using the canonical homotopy col-
imit decomposition and homotopy distributivity. However, such a decomposition
is not as powerful as the one for simplicial sets since it is not in general possible to
reconstruct a simplicial presheaf as a homotopy colimit of contractible presheaves.

In Bection 3.1 we will recall in detail the definition and basic properties of ho-
motopy colimits and limits. We also discuss homotopy distributivity, which allows
to interchange homotopy colimits and homotopy limits of simplicial presheaves on
a Grothendieck site. Following this, we will present some homotopical applications
of homotopy distributivity: In Secfion 3 we will construct classifying spaces for
fibre sequences by simply plugging homotopy distributivity into the Brown repre-
sentability theorem. This produces not only classifying spaces which are unique
up to homotopy equivalence, but also universal fibre sequences for a given fibre.
Such constructions are at the base of any interaction between topology and ge-
ometry, appearing in the classical and equivariant surgery and orientation theory.
However, a potential surgery theory for schemes just serves as a motivation to
consider classifying spaces for fibre sequences. The application we will deal with
concretely is the construction of fibrewise localizations in Moreover, if
the universal fibre sequence is local, we immediately obtain classifying spaces for
fibre sequences in the A'-local model category. However, our results will also show
that the classification of fibre sequences is in general not possible in the A'-local
model category.

As another application of homotopy distributivity, we will give a couple of
examples of fibre sequences of simplicial presheaves in Among them
are torsors, i.e. principal fibre bundles which are locally trivial in the topology of
the site T'. It is also possible to prove Ganea’s theorem for simplicial presheaves,
which allows to get information on the homotopy type of the projective line P!.

31
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Finally, the last two sections discuss further work directly related to homotopy
distributivity. The one application we will discuss concerns cellular inequalities in
Section 3.4 These can be seen as generalizations of fibre sequences: Whereas the
three spaces in a fibre sequence are related by a long exact homotopy sequence,
the link for cellular inequalities is somewhat weaker. A cellular inequality X <Y
means that the space Y can be built from copies of the space X via pointed
homotopy colimits. Properties like connectivity or vanishing of homology of the
space X imply properties of Y. For simplicial sets, these cellular inequalities
make it possible to compare spaces related by homotopy pushouts. This provides
general formulations of statements like the Blakers-Massey theorem. We will not
prove anything in this section, we only discuss the problems that appear when
generalizing from simplicial sets to simplicial presheaves.

The final application of homotopy distributivity is a local-global type Serre
spectral sequence for simplicial presheaves in [Section 3.5l The main step in prov-
ing such a spectral sequence is the decomposition of the fibre sequence over the
canonical homotopy colimit presentation of the base space. Due to space and time
restrictions, we only give a rough outline of the construction and describe the
technical difficulties which have to be overcome in the proof of the Serre spectral
sequence.

3.1 Homotopy Colimits of Simplicial Presheaves

This section discusses the results on simplicial sets collected in [Dro96, Appendix
HL] in the context of simplicial presheaves. Most important for the rest of the
thesis will be the notion of homotopy distributivity and the canonical homotopy
colimit decomposition for an arbitrary simplicial presheaf.

Homotopy Limits and Colimits: In this paragraph we will repeat the defini-
tion, some basic and some advanced properties of homotopy limits and colimits.
We will see that many of the properties of homotopy limits and colimits that do
hold in the category of simplicial sets also hold in model categories of simplicial
presheaves. This is in particular true for certain commutation rules. Since it is
easier to define homotopy colimits and limits in simplicial model categories rather
than in general model categories, we will always assume (and sometimes forget
to mention) that the model categories we are dealing with are simplicial. This
perfectly suffices for what we want to do.

We begin with the various possible definitions of homotopy colimits and limits.
Homotopy colimits and limits are homotopy-invariant versions of the ordinary
colimits and limits for categories. Abstractly, one can define the ordinary colimit
of a diagram X' : 7 — C as left adjoint of the diagonal functor Az : C — hom(Z,C),
where hom(Z,C) is the category of Z-diagrams in C. Similarly, the ordinary limit
is the right adjoint of the diagonal, cf. [Mac98, Section X.1].

The abstract definition of homotopy colimits and limits thus proceeds via homo-
topical algebra and Quillen’s total derived functor theorem The homotopy
colimit is the left derived functor of the ordinary colimit functor. This is explained
shortly in [G.J99, Example 7.11].
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DEFINITION 3.1.1 (HoMoTOPY COLIMIT, ABSTRACT) Let C be a cofibrantly gen-
erated simplicial model category, and T be any small category. Then the category
hom(Z,C) of functors from I to C becomes a simplicial model category. Since the
diagonal Az : C — hom(Z,C) preserves fibrations and weak equivalences, the ordi-
nary colimit functor preserves weak equivalences of cofibrant diagrams, and we can
define the homotopy colimit

hocolim = L colim .
T T

Dually, the diagonal functor also preserves cofibrations and weak equivalences,
therefore it is possible to define a right derived functor of the ordinary limit, and
we define the homotopy limit

holim = Rlim .
T T

Homotopy colimits will usually be denoted by hocolimz, the only exception
being the case of a pushout, which is denoted by A U% C. Similarly, homotopy
limits are usually denoted by holimz, and the homotopy pullbacks by A x% C.

There is also a concrete description of homotopy colimits and limits in simplicial
model categories, derived from the original work of Bousfield and Kan [BK72] and
discussed in detail in [Hir03, Chapter 18]. This can be seen as an analogue of the
decomposition of a general colimit into direct sums and coequalizers [Mac98, Dual
of Theorem V.2.2].

DEFINITION 3.1.2 (HoMoTorPy CoLiMmIT, CONCRETE) For a diagram X :Z — C

and a cosimplicial resolution I' : T — AC the homotopy colimit of X is defined to
be

hoc?limX = coker [ H I'(n)®a B(m | I)® = Hf(n) ®a B(n | I)Op].

n—m

REMARK 3.1.3 (i) Since we are not going to need the concrete definition of ho-
motopy colimits, we will not give complete details, only explain the notation
in the above definition.

Cosimplicial resolution of objects in model categories are explained e.g. in
|Dug018, Definitions 3.1 and 3.2] or [Hir(3, Chapter 16]. For a model cat-
egory C, a cosimplicial resolution of X 1is a cofibrant cosimplicial object in
C weakly equivalent to X. Computing homotopy colimits is one of the sit-
uations where one first passes to a reasonable resolution of the object and
then computes some point-set construction, e.g. an ordinary colimit. The
standard statements apply: To compute a homotopy colimit one needs to fix
a cosimplicial resolution of the diagram functor, but the homotopy type of the
homotopy colimit does not depend on such a choice.

The symbol @A denotes one of the adjoint functors of the simplicial structure
on the category of cosimplicial objects in C, cf. [Definition 2.1.7, and B(n | T)
is the classifying space of the category of n-sequences in the index category T.

(i) There is also a concrete definition of homotopy limits, given by a construction
dual to the one for homotopy colimits. We will however see later that their
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behaviour is completely different from the one of homotopy colimits. Since
we will not need general homotopy limits, we omit the concrete definition and
only discuss homotopy pullbacks in detail.

The fact that homotopy colimits resp. limits can be defined as left resp. right
derived functors of colimits resp. limits implies that they are homotopy invariant
[Hir03, Theorem 18.5.3].

PROPOSITION 3.1.4 (HOMOTOPY INVARIANCE) Let C be a simplicial model cate-
gory, and let T be a small category. If f: X — Y is a morphism of I-diagrams of
cofibrant objects in C which is an objectwise equivalence, then

hocolim f : hocolim X — hocolim )
A T A

is a weak equivalence of cofibrant objects.
Dually, if f: X — Y is a morphism of Z-diagrams in C which is an objectwise
equivalence of fibrant objects, then

holim f : holim X — holim Y
A A A

1s a weak equivalence of fibrant objects.

Moreover, homotopy colimits and limits interact nicely with the corresponding
left resp. right Quillen functors. One example is commuting colimits with the
hom-functors as stated in [MV99, Lemma 2.1.19].

ProPOSITION 3.1.5 For any diagram X : T — A°°PShv(T) and any simplicial
presheaf Y there are canonical isomorphisms

Hom(hoc%)lim X)Y)= h%})ipm Hom(X,Y)

and
Hom(Y, ho%im X) = ho%im Hom(Y, X).

Since the only homotopy limits we will frequently use are finite ones, we re-
call the definition and some standard facts: A homotopy pullback (or homotopy
cartesian square) is a commutative square

A—X

| b
B——=Y,
such that for any factorization of f into a a trivial cofibration i : X — X and a
fibration p : X — Y, the induced morphism A — B xy X is a weak equivalence.
For proper model categories, it suffices to check one such factorization, cf. [G.I99,
Lemma I1.8.16]. Note also that a homotopy pullback with B = pt is basically the
same thing as a fibre sequence.

There are some other general facts about colimits and limits, such as the pull-
back lemma [Mac98, Exercise II1.4.8] or the fact that directed colimits commute
with finite limits [Mac98, Theorem IX.2.1]. According to the general philosophy,
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these results should also hold for homotopy colimits and limits in general model
categories.

We will need the following analogue of the homotopy pullback lemma for model
categories, whose proof can be found e.g. in [G.J99, Lemma I1.8.22].

LEMMA 3.1.6 (HomoTOPY PULLBACK LEMMA) Let C be a proper model cate-
gory, and let the following commutative diagram be given:

X1—>X2—>X3

L

Y1—>Y2%Y'3.

If the inner squares are homotopy pullback squares, then so is the outer. Also, if
the outer square and the inner right square are homotopy pullback squares, then so
is the inner left square.

I do not know if directed homotopy colimits do always commute with finite ho-
motopy limits. By homotopy distributivity it is certainly true for model categories
of simplicial presheaves.

Note that in general model categories, homotopy colimits do not commute with
finite homotopy limits. This already fails for the ordinary limits and colimits. One
of the most important classes of categories that do satisfy this sort of distributivity
for ordinary limits and colimits are topoi. We will see in the next paragraph
that in categories of simplicial presheaves, homotopy colimits commute with finite
homotopy limits.

Homotopy Distributivity: As already mentioned, homotopy distributivity is
a homotopical generalization of the usual infinite distributivity law which holds for
topoi. It is a statement about commutation of arbitrary small homotopy colimits
with finite homotopy limits. Since any finite homotopy limit can be constructed
via homotopy pullbacks, it suffices to check that homotopy pullbacks distribute
over arbitrary homotopy colimits. Most of the work on homotopy distributivity
seems to be due to Rezk [Rez98].

The situation is the following: Let C be a simplicial model category, let Z be
a small category, and let f : X — ) be a morphism of Z-diagrams in C. The
diagrams we are most interested in are the following;:

For any ¢ € Z, we have a commutative square

X (i) —— colimz X (3.1)

f(i)J/

V(i) — colimz V.

Moreover, for any « : i — j in Z we have a commutative square

x (i) 2L x () (3.2)
(

f(i)l J/f

V(i) Wy(j)-

)
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Now we are ready to state the definition of homotopy distributivity, following
[Rez98].

DEFINITION 3.1.7 (HOMOTOPY DISTRIBUTIVITY) In the above situation, we say
that C satisfies homotopy distributivity if for any morphism f : X — Y of I-
diagrams in C for which Y is a homotopy colimit diagram, i.e. hocolimz) —
colimz Y is a weak equivalence, the following two properties hold:

(HD i) If each square of the form (31) is a homotopy pullback, then X is a
homotopy colimit diagram.

(HD ii) If X is a homotopy colimit diagram, and each diagram of the form (Z23)
is a homotopy pullback, then each diagram of the form (31l) is also a
homotopy pullback.

REMARK 3.1.8 Let T be a site, and assume we know homotopy distributivity for
A°PSho(T). We show how to deduce the usual form of the distributive law from

point-set distributivity and (HD i) and (HD i) above in the following special case:
Let T be a small category, and let J be the category

|

Let an I x J-diagram B be given, and consider the following diagram:

- -

—_—

B(i,3) Z hocolimz B(i, 2)

| | |

B(i,1) — hocolimz B(i, 1) —— hocolimz B(3, 0),

where Z = hocolimz B(i,1) xﬁocolimz B(i,0) Rocolimz B(i,2). Then by point-set dis-
tributivity of A°PShv(T), we have Z = colimz B(i,3). To show that this is a
homotopy colimit diagram, we need to show that all of the left-hand squares in the
above diagram are homotopy pullbacks and then employ (HD i). We know that
the right-hand square is a homotopy pullback by definition, so it suffices to show
that the outer rectangle is a homotopy pullback, by the homotopy pullback lemma,
of. [Lemma 3 T.8. This follows from (HD i), since hocolimz B(i,2) is a homotopy
colimit diagram, and all the squares

B(i,3) —= B(4,2)

e

B(i, 1) — B(i, 0)

are homotopy pullbacks. Therefore we can also present the homotopy pullback of the
homotopy colimits Z as the homotopy colimits of the homotopy pullbacks B(i,3),
which is what we usually would expect of a distributive law.

We see, that the azioms (HD i) and (HD i) describe the two necessary parts
of the above argument, modulo the assumption point-set distributivity. Note that
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we can not really formulate homotopy distributivity the usual way, since it is com-
plicated to construct a commutation map hocolim holim — holim hocolim: The
homotopy versions of limits and colimits do not satisfy the usual universality.

ExXAMPLE 3.1.9 The category A°Set of simplicial sets satisfies homotopy dis-
tributivity. This follows e.g. from the work of Puppe [Pup74] and Mather [Mat76].
U

More generally, homotopy distributivity holds for all model categories of sim-
plicial presheaves on a Grothendieck site and can be proven quite easily if the site
has enough points. We give a short and simple proof that homotopy colimits and
homotopy pullbacks are determined locally, which implies homotopy distributivity.

PROPOSITION 3.1.10 Let T be a site with enough points, let T be a small category,
and let X : T — A°PPShu(T) be a diagram of simplicial presheaves. Then X is
a homotopy colimit diagram iff for each point p of T, the corresponding diagram
p*(X) : Z — A°Set is a homotopy colimit diagram.

PRrROOF: Recall that X is a homotopy colimit diagram iff the induced morphism
hocolimz X — colimz X is a weak equivalence. Since weak equivalences are local,
i.e. can be checked at points, this is equivalent to requiring that for any point p of
T, the morphisms

P (hocglim X)—p* (colIim X)

is a weak equivalence of simplicial sets. By definition of a point, the functor
p* 1 A?PShu(T) — A°PSet has a right adjoint p, and therefore preserves all col-
imits, i.e. p*(colimz X') = colimz p*X is an isomorphism. The same holds for the
homotopy colimits, by [MV99, Lemma 2.1.20]: p*(hocolimz X') ~ hocolimz p*X is
a weak equivalence. Putting everything together, we find that X is a homotopy
colimit diagram iff for any point hocolimz p*(X) — colimz p*(X) is a weak equiv-
alence, which is equivalent to p*(X’) being a homotopy colimit diagram for any
point p of T |

PROPOSITION 3.1.11 Let T be a site with enough points, and let the following
commutative diagram X of simplicial presheaves in A°° PShu(T) be given:

A——B

L

C —D.

This is a homotopy pullback diagram iff for each point p of T, the diagram p*(X)
of simplicial sets is a homotopy pullback diagram.

PrROOF: Recall that X is a homotopy pullback diagram if there exists a fac-
torization of f : B — D into a trivial cofibration i : B — B and a fibration
g: B — D, such that the induced morphism A — C x p B is a weak equivalence.
This is equivalent to saying that for each point p of 7', the induced morphism
p*(A) — p*(C xp B) = p*(C) X p(D) p*(B) is a weak equivalence. Note that
points preserve finite limits by definition, which explains the last isomorphism.



38 CHAPTER 3. HOMOTOPY COLIMITS AND FIBRATIONS

We also know that for any fibration h of simplicial presheaves and any point p
of the topos, p*(h) is a Kan fibration of simplicial sets, cf. [MV99, Proposition
2.1.59].

From the above it follows that p*(g) is a fibration of simplicial sets and p* (i)
is a weak equivalence. We can factor this into a trivial cofibration j : p*(B) — E
and a trivial fibration h : E — p*(B).

Assume now that for each point p of T' the diagram p*(X) is a homotopy pull-
back diagram. This implies that for the above factorization, p*(A) — p*(C) X+ (p)

FE is a weak equivalence. Consider the following diagram:

p*(C) Xpepy E E

| |

p*(C) Xpe(py P*(B) — p*(B)

| l

p*(C) p*(D).

Since the outer square and the lower square are pullback diagrams, so is the upper
by the homotopy pullback lemma. Pullbacks of trivial fibrations are again trivial
fibrations [G.J99, Corollary I1.1.3]. Therefore, the morphism

p*(C) ><p"(D) E— p*(C) ><10*(D) p*(B)

is a trivial fibration. By 2-out-of-3, the morphism p*(A) — p*(C) X,(p) p*(B)
is a weak equivalence for any point, and therefore, the diagram X is a homotopy
pullback diagram of simplicial presheaves.

For the converse, one can prove that homotopy pullbacks are preserved by
points in a similar way, but we can also cite [MV99, Lemma 2.1.20]. |

COROLLARY 3.1.12 Let T be a site with enough points. Then homotopy distribu-
tivity holds for the injective model structure on A°® PShv(T).

PrOOF: By Propositions B-I.T0land B-TTTl the properties of homotopy colimit resp.
homotopy pullback diagrams can be checked locally. The assertion then follows
from homotopy distributivity for simplicial sets. |

REMARK 3.1.13 (i) Note that the above did not explicitly use the particular
structure of fibrations and cofibrations in the injective model structure on
A°PPShu(T). Therefore, the result holds for any model structure on sim-
plicial presheaves that has local weak equivalences and for which the point
functors form a Quillen pair.

Similarly, there is no difference in taking such a model structure on the cat-

egory of simplicial presheaves on T or on the category of simplicial sheaves
onT.

(i) There is actually no difference in taking unpointed or pointed simplicial pre-
sheaves, since the corresponding categories of simplicial sets are Quillen equiv-
alent and both satisfy homotopy distributivity.
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(iii) More generally, homotopy distributivity is one of the basic properties of model
topoi and plays a crucial part in the homotopy Giraud theorem [LV05, The-
orem 4.9.2].

Although the above simple proof works only for topoi with enough points, ho-
motopy distributivity holds for an arbitrary Grothendieck topos. This has been
proven by Rezk [Rez98, Theorem 1.4, 1.5] using a Boolean localization argu-
ment. He first shows that homotopy colimits resp. homotopy pullbacks behave
well under geometric morphisms of topoi. Therefore, it is possible to deduce ho-
motopy distributivity for the injective model structure on simplicial objects in a
general Grothendieck topos from homotopy distributivity for simplicial objects in
a Boolean topos. The latter follows since global fibrations in a Boolean topos are
easy to handle. For details of the proof we refer to [Rez9§].

ProroOSITION 3.1.14 Let T be a site, and consider the injective model structure

on A°®PShv(T). Then homotopy distributivity holds for A°® PShv(T).
Moreover, for any geometric morphism of Grothendieck topoi p : € — &', the

induced inverse image functor p* : A°PE" — A°PE preserves homotopy pullbacks.

We next discuss two important consequences of homotopy distributivity for
model categories of simplicial presheaves. One is a generalization of Mather’s cube
theorem [Maf76]. The other generalizes a theorem of Puppe [Pup74] on commuting
homotopy fibres and homotopy pushouts to simplicial presheaves.

COROLLARY 3.1.15 (MATHER’S CUBE THEOREM) Let T' be a Grothendieck site,
and consider the following cubical diagram of simplicial presheaves on T ':

A
-

Y —=Y

v

Yy

X3

Y3

Assume that the bottom face, i.e. the one consisting of the spaces Y;, is a homotopy
pushout, and that all the vertical faces are homotopy pullbacks. Then the top face
is a homotopy pushout.

In particular, taking the homotopy fibre commutes with homotopy pushouts:
For a commutative diagram

E2 < EO —— E1
B2 < BO e Bl

in which the squares are homotopy pullbacks, we have weak equivalences

hofib p; —— hofib(p : By Ul Ey — By Ul Ba).
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ProoOF: This is a consequence of homotopy distributivity, cf. [Corollary 3.1.12]
resp. [Proposition 3.1.14] applied to homotopy pushout diagrams. The assumption
in Part (HD ii) is that the bottom face is a homotopy colimit diagram, i.e. a
homotopy pushout. Moreover all the vertical faces are homotopy pullbacks. Then
by the homotopy pullback lemma B0 we obtain that the diagonal in the cube
containing X7, Y7, X4 and Y} is also a homotopy pullback. By (HD ii) we conclude
that X4 is a homotopy colimit diagram, i.e. it is weakly equivalent to the homotopy
pushout X5 U&l Xs.

The restriction in the definition of homotopy distributivity that X4 be the
point-set pushout of X5 and X3 along X is not essential. Without loss of generality
we can assume that the morphisms X; — X3 resp. Y7 — Y3 are cofibrations, and
that X4 resp. Yy are point-set pushouts. If this is not the case, just replace the
morphism by cofibrations, and obtain a cube which is weakly equivalent to the
cube we started with.

For the second statement note that since the squares are homotopy pullbacks,
we have hofibpy = hofibp; = hofibp,. Factoring Fy — FEy resp. By — Bj as
a cofibration followed by a trivial fibration, we can assume that these morphisms
are cofibrations. Denote E = F; U’}EO FEyand B =B, U%O Bs. Then we are in the
situation to apply (HD ii). This implies that all the squares

are homotopy pullback squares. In particular, we get the desired weak equivalences

hofib p; = hofib p. |

The following is a version of Puppe’s Theorem [Pup74] for simplicial presheaves:

PROPOSITION 3.1.16 (PUPPE’S THEOREM) Let € : T — A°°PShu(T) be a di-
agram of simplicial presheaves over a fixed base simplicial presheaf B, i.e. the
following diagram commutes for every o : i1 — j inI:

&(a) ‘
£(J)
B
There is an associated diagram of homotopy fibres

F:Z— A°PShv(T) : i+~ hofib(E(i) — B)

0!

Denoting E = hocolimz £ and F = hocolimz F, we have a weak equivalence

hofib(E — B) ~ F.

PROOF: We construct a new morphism of diagrams G — £, where the diagram G
is defined by
G:T — A°PShv(T) : i — E(i) X hofib(E — B).

Without loss of generality we can assume hofib(F — B) — E is a fibration. Then
the homotopy pullbacks above are ordinary pullbacks, and colim G = hofib(E —
B). We apply the homotopy pullback lemma to the following diagram:
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(i) x" hofib(F — B) —= &£(i)

| |
|

hofib(E — B) E

|

pt B

This implies the following weak equivalence

£(i) x" hofib(E — B) ~ hofib(£(i) — B) = F(i).

Invariance of homotopy colimits under weak equivalence, cf. [Proposition 3.1.4]
implies that hocolim G = hocolim F. Homotopy distributivity applied to the pro-
jection morphism G — & implies that G is a homotopy colimit diagram. Putting

everything together we obtain weak equivalences hofib(F — B) = colim§G ~
hocolim G ~ hocolim F, whence the desired statement follows. |

Canonical Homotopy Colimit Decomposition: Given a (fibrant) simplicial
set X, it is always possible to decompose it into its simplices. One obtains a
diagram of simplicial sets, whose index category is the category of simplices A | X.
Every object in A | X is of the form A™ — X, and is mapped to the standard
simplex A", It is clear that the colimit of this diagram is again X. Even more
important is the fact that the diagram is a homotopy colimit diagram, so X is
the homotopy colimit of the above diagram. Therefore, any simplicial set can be
canonically decomposed into a homotopy colimit of contractible simplicial sets.

Similarly, any sheaf in a topos can be written as a canonical colimit of repre-
sentable objects [MM92], Proposition 1.5.1], a statement that generalizes to locally
presentable categories.

The right generalization of the two situations above is the canonical homotopy
colimit decomposition for objects in a combinatorial model category, which was
described in detail in [Dug0Ib}, [DugOTa].

Let M be a combinatorial model category, C be a small category. For any
functor I : C — M and a fixed cosimplicial resolution I'; : C — AM, we obtain a
functor C x A — M : (U, [n]) — I'(n)(U). For any object X, we can consider the
over-category (resp. comma category in Mac Lane’s terminology [Mac98, Section
I1.6]) (C x A | X) and the canonical diagram (C x A | X) - M : T'(n)(U) —
U x A™.

ExXAMPLE 3.1.17 The standard cosimplicial object A® in A°PSet is a cosimplicial
resolution of the functor pt : * — A°PSet. The over-category above is then the
category of simplices A | X. O

EXAMPLE 3.1.18 Let T' be any Grothendieck site, and A°°? PShv(T') the corre-
sponding topos of simplicial presheaves. The standard cosimplicial objects A}, for
a representable U € T assemble into a functor

AT T — A°PSho(T) : U — A = {V — H A"}.
6V —U
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These functors assemble into a cosimplicial object AY. : T' — AA°P PShv(T'), which
is a cosimplicial resolution of the Yoneda functor y : T — Shv(T). U

DEFINITION 3.1.19 (CaNoNIcAL HoMoTOPY COLIMIT) Let M be a combinato-
rial model category, let C be the full subcategory C given by a small set of generators
of M, and denote by I : C — M the corresponding inclusion of categories. For
an object X € M and a chosen cosimplicial resolution I't of I as above, we define
the canonical homotopy colimit of X w.r.t. I'; to be the homotopy colimit of the
functor T'r: (C x A | X) — M and denote it by

hocolim(C x A | X).

In [Dug0Ta], this is shown to be equivalent to the realization of the singular
complex associated to a presentation of the combinatorial model category. This
implies the following properties of canonical homotopy colimits:

PROPOSITION 3.1.20 Let M be a combinatorial model category, and let C be the
full subcategory given by a small set of generators of M. Fix a cosimplicial reso-
lution " of the inclusion I : C — M. Then the following invariance properties can
be derived:

(i) If X —Y is a weak equivalence between fibrant objects, then the induced map
hocolim(C x A | X)) — hocolim(C x A | Y') is a weak equivalence.

(11) For two cosimplicial resolutions 'y and I'; and fibrant X, we obtain weakly
equivalent canonical homotopy colimits

hocrolim(C x A | X) ~hocolim(C x A | X)
I r;

(iii) For any fibrant object X, the canonical morphism
hocolim(C x A | X) — colim(C x A | X) — X

1s a weak equivalence.

REMARK 3.1.21 (i) Recall that in a topos Shu(T'), every object is canonically
the colimit of representable objects Homy(—,C). Assertion (iii) in the above
proposition is the “homotopy topos” analogue of this: Any simplicial sheaf is
the homotopy colimit of representable homotopy types, in a rather canonical
way. This decomposition is not completely canonical, since it depends on the
cosimplicial resolution.

(ii) Let T be a Grothendieck site. We have shown in[Proposition 2.1.19 that the
injective model structure on A°° PShv(T) is combinatorial. We will usually
use the cosimplicial resolution described in[Fxample 3.1.18, where the set of
small generators is the set of representable objects U € T'. We will therefore
denote by (T x A | X) the canonical homotopy colimit decomposition of a
fibrant simplicial presheaf X.
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The canonical homotopy colimit decomposition together with homotopy dis-
tributivity imply that the decomposition of fibrations of simplicial sets can be
generalized to simplicial presheaves, where it unfortunately loses some of its use-
fulness.

Let p : E — B be a fibration of fibrant simplicial sets. Then the canonical
homotopy colimit decomposition of B allows to write B as homotopy colimit of
standard simplices A™ — B. Then we can pull back the fibration p to these
simplices and obtain the homotopy fibres. By homotopy distributivity, £ can be
written as the homotopy colimit over the simplex category A | B of the homotopy
fibres.

The same statement works for simplicial presheaves:

LEMMA 3.1.22 For any fibration p : E — B of fibrant simplicial presheaves, p is
weakly equivalent to the morphism of simplicial presheaves

hocolim F — hocolim(T x A | B),

where the diagram F is the diagram of homotopy fibres: The index category is still
(T'x A | B), but an object U x A™ — B is mapped to the pullback (U x A™) xp E,
which is the fibre of p over U.

This is not as useful as the same construction for simplicial sets, since the
homotopy types of the various U € T are different, which is the same as saying
that a simplicial presheaf is not locally contractible. Therefore, not all of the
simplicial presheaves (U x A™) xp E are weakly equivalent.

3.2 Classifying Spaces for Fibre Sequences

One of the basic theorems in the theory of fibrations for CW-complexes is the
existence of classifying spaces. Not only do such classifying spaces exist for fibre
spaces with a given fibre, it is also possible to construct such spaces for all sorts
of structures on these fibre sequences, like orientations etc. Indeed, many results
relating to surgery and manifold structures on homotopy types are expressed and
solved with the help of classifying spaces, as the following quote from Chapter 1
of [MM79)] illustrates:

A basic technique in topology is to reduce a geometric classification
problem to a homotopy classification of maps into an associated “clas-
sifying space” or universal object.

The geometric part of surgery or topology in general is the abovementioned
reduction of a geometric problem like classifying manifold structures or bundle
structures to an associated homotopy classification problem. The homotopical
part of surgery is then purely concerned with computing the homotopy groups or
other invariants of classifying spaces resp. of homotopy fibres of maps between
classifying spaces. The importance of classifying spaces to cobordism theory has
been described e.g. in [Rud98]. In essence we can say that the theory of classifying
spaces for fibrations has had a great deal of applications in the algebraic topology of
CW-complexes. It is therefore obviously interesting to study how far the techniques
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for the construction of classifying spaces generalize to the setting of simplicial
presheaves.

There exist basically two approaches to construct classifying spaces. The bar
construction approach starts with the work of Milnor [Mil56] who constructed the
classifying space BG and in fact the universal principal G-bundle for a topological
group G. This work was generalized to classifying spaces of monoids by Stasheff
[Sta63]. The most general way of using bar constructions to define universal fibre
sequences was given in the monograph [May75]. Of course, many more papers
have been written on the construction of universal bundles via bar constructions,
but the above three treatments seem to be the most influential ones.

The second approach we want to mention is the abstract construction of classi-
fying spaces using the Brown representability theorem. For classifying spaces, this
has been done by Allaud [AII6G6]. Similar work on the problem of constructing clas-
sifying spaces via Brown representability has been done by Dold [Dol66] and Schén
[Sch82]. A textbook treatment of this approach can be found in [Rud98, Chapter
IV]. This is the approach that we will follow for our construction of classifying
spaces in the setting of simplicial presheaves.

There are also generalizations of the above, which do not only classify fibre
sequences, but fibre sequences with extra structures. Using the general bar con-
struction approach of May [May75], it is possible to classify all sorts of structures,
e.g. orientations, on fibre sequences, as well as fibre sequences with different fibres.
Such classification theorems are also available for equivariant topology, mostly due
to the work of Waner [Wan&()].

Classifying spaces for principal G-bundles have also been constructed in the
setting of homotopy theory of simplicial presheaves. The first work on classifying
spaces of sheaves of groupoids I know of is [JT93], followed by rather recent work
by Jardine and Luo [JLOG]. Morel and Voevodsky [MV99, Section 4] use the
classical construction of Milnor to provide models for classifying spaces for sheaves
of monoids. It seems, however, that classifying spaces for fibre sequences have not
yet been considered in full generality.

In this section, we want to show how the topological proof of existence of clas-
sifying spaces for fibre sequences can be modified to work for certain well-behaved
categories of simplicial sheaves. We will mimick the construction of classifying
spaces via the Brown representability theorem, following the original work by Al-
laud [AII66] and the book of Rudyak [Rud98, Chapter IV.1]. The steps we take
are basically the same as outlined there, with some necessary modifications. In the
first paragraph, we will define the functor that assigns to each simplicial presheaf
X the set of fibre sequences over X with fibre a given simplicial presheaf F'. Then
we discuss the Brown representability theorem of Jardine [Jar(6c], which works
in the setting of compactly generated model categories. The model category of
simplicial sheaves on a Grothendieck site is not in general compactly generated,
which is why we do not get classifying spaces for all Grothendieck topoi. However,
the model categories of interest for Al-homotopy are in fact compactly generated,
cf. [Proposition 2.2.10] Since the Brown representability theorem also works for
morphisms, we also get a universal fibre sequence. Finally, we show that the
fibre-sequence functor satisfies the conditions of the Brown representability theo-
rem. At this point we make crucial use of the homotopy distributivity discussed
in Rection 3.1
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Possible future work includes combining the Brown representability approach
with a bar construction, as done in [Boo98| for topological spaces. Using a bar
construction one could extend the construction of classifying spaces for fibre se-
quences to other topoi, as well as to unpointed settings. Moreover, one could try to
classify more elaborate structures like orientable and oriented fibrations. However,
it seems that the relevant pieces of a motivic orientation theory are not yet in
place. We therefore content ourselves with the basic classifying spaces described
in the following section.

Definition of the Fibre-Sequence Functor: This paragraph describes the
functor mapping a simplicial presheaf to the set of fibre sequences with fixed fibre
over this simplicial presheaf. We will work in the injective model category of pointed
simplicial presheaves on some site 7. This is due to the fact that fibre sequences
as in [Definition 2.1.91 are only defined in pointed model categories. Moreover, the
Brown representability theorem also requires pointed model categories. There are
examples in [Hel81] showing that Brown representability might fail already for
unpointed topological spaces.

DEFINITION 3.2.1 Recall from [Definttion 2.1.9 that a fibre sequence over X with
fibre F is a diagram F — E L5 X with an QX -action on F which is isomorphic
in the homotopy category to the fibre sequence associated to a fibration p : E' — X'
of fibrant objects. Up to isomorphism in the homotopy category, we will usually as-
sume that our fibre sequence F' — E L. X s represented by some actual fibration
over some fibrant replacement X of X.

A morphism of fibre sequences is a diagram in A°°® PShv(T')

PH-——%>121—£2%>131

oo b
Fy —— Ey — > By,
such that the left square commutes up to homotopy, and the right square is com-

mutative, and [ is Qh-equivariant, i.e. the following diagram is homotopy com-
mutative:

S)Eﬁ,x lﬁ-———e>}ﬂ
thfl lf
S)Eb X Fb———e-Pb.

This in particular allows to define what an equivalence of fibre sequences over
X is: Two fibre sequences over X with fibre F' are equivalent if there is an isomor-
phism of fibre sequences

F—F ——X
fl l gJ{
F——FE——X,

in the homotopy category Ho A°° PShv(T), for which f is Qg-equivariant. We
denote this by E1 ~ Es.
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REMARK 3.2.2 (i) The following can be assumed without loss of generality: We
can assume that the base B is fibrant, that the morphism p is a fibration, and
that F is the point-set fibre of p over x — B. This basically follows from
|Proposition 2.5.5

(ii) Note that in the definition of a morphism of fibre sequences we can always
arrange for the right square to be commutative on the nose: We just lift
the morphism h o py along the fibration ps. This makes the right square
commutative, and leaves the left square commutative up to homotopy.

(iii) If the base B is not path-connected as discussed in [Section 2.3, we have to
restrict to fibre sequences such that for all points of the topos Shv(T), the
induced morphism p*(E) — p*(B) has the homotopy fibre p*(F') for all pos-
sible choices of base points in p*(B). This is the usual restriction that also
appears in JAII6A]. Note that a constant simplicial presheaf is usually not
path-connected, so such restrictions are even more important in the presheaf
setting than in the topology of CW-complexes.

In the following we replace the connectivity assumption by restricting to fibre
sequences that are locally trivial in some topology, as explained in[Section 2.3.
Such restrictions can partially be lifted by working with categories of fibres,
cf. [Remark 3.2} However, some restrictions are necessary to get a set-
valued functor, and to compare fibre sequences with torsors under groups of
homotopy-autoequivalences. We henceforth assume that the fibre sequences
we consider are locally trivial for some (possibly finer) topology on T.

LEMMA 3.2.3 FEquivalence of fibre sequences is an equivalence relation.

PRrOOF: This is clear since equivalence was defined by isomorphism in the homo-
topy category, which implies reflexivity, symmetry and transitivity. |

If we restrict the definition of the fibre sequences to fibrations of fibrant objects
over some fibrant replacement of the base B, we could also define equivalence of
fibre sequences by morphisms of fibre sequences in the model category which admit
an inverse. This would basically yield the same functor. However, since we allow
arbitrary simplicial presheaves in the fibre sequences, we have to use isomorphisms
in the homotopy category.

DEFINITION 3.2.4 (PULLBACK OF FIBRE SEQUENCES) Let f : By — By be a
pointed map, and let ' — Ey — Bs be a fibre sequence. We define a fibre se-
quence with fibre F' over By as follows:

p1 * p2

By

By
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We assume that pa is a fibration, and define E; as the pullback Es xp, By of
po along f. Note that E7 is therefore also the homotopy pullback of ps along f,
and py 1s a fibration. By the universal property of pullbacks, we have a morphism
a: F — FEi. Moreover, by the pullback lemma we have pl_l(*) = F, and since pq
s a fibration, this is also the homotopy fibre.

Let T be a Grothendieck site. For given pointed simplicial presheaves X and
FonT,let (X, F) denote the collection of equivalence classes of fibre sequences
over X with fibre F' modulo the equivalence ~. We want to show that this is
a set. Since many simplicial presheaves, especially those of simplicial dimension
zero, are not path-connected in the sense of [Definition 2.3.6] we require that there
is a (possibly finer) topology T” on the site T such that the fibre sequences are all
locally trivial in the topology T", cf.

PROPOSITION 3.2.5 For any X,F € A°Shv(T)., the collection (X, F) is a
set. Hence, with the pullbacks as in[Definition 3.2.4), we have a functor

H(—,F) : A°Sho(T), — Set,.

The natural base point of (X, F) is given by the trivial fibre sequence F —
X x F — X, where the first map is inclusion via the base point * — X, and the
second is the product projection.

ProoOF: We first show that for every simplicial presheaf X there is only a set of
equivalence classes of fibre sequences F' — E — X. We follow the lines of [Rud98|
Theorem IV.1.55].

We start with the case of fibre sequences F' — F — U for U € T, i.e. the base is
a zero-dimensional object. For the above fibre sequence, there exists a T"-covering
U; of U such that FF — FE xy U; —y U; is a trivial fibre sequence with given
trivializations and transition morphisms E xy U; xy U; — E xy U; x U; which
are weak equivalences. Denoting by Aute(F’) the simplicial group of sheaves of
homotopy automorphisms of F', a fibre sequence F' — E — U as above arises from
a T’'-torsor under Aute(F'). For definitions and results on torsors under sheaves
of simplicial groups, cf. [IT93] resp. [JLO6]. Therefore, the collection of fibre
sequences over U with fibre F' which are T’-locally trivial is contained in the set

H (U, Aute(F)) = lim H' (U, Aute(F))

of T'-torsors over U under Aute(F’), hence is itself a set.

Next, we extend this result to simplicial presheaves of the form U x A™ for
U € T. The argument in [Proposition 3.2.14] is independent of the J#(—, F') being
sets. It therefore shows that for a weak equivalence f : X — Y, if #(X,F) is
a set, then so is J7(Y, F). We find that for any simplicial presheaf of the form
UxA" withU eT, #(U x A", F) is a set.

Finally, we use the decomposition of fibrations over the canonical homotopy
colimit presentation of the base simplicial presheaf, cf. We con-
sider F-fibre sequences over B, and decompose B as a homotopy colimit over the
category of simplices (7" x A | B). The simplicial presheaves indexed by this
diagram are of the form U x A™ for U € T, and we have already shown that
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fibre sequences over these form a set. Moreover, the site T is (essentially) small,
therefore the diagram is set-indexed.

We therefore have to show that for a set-indexed homotopy colimit hocolim,, X,
of spaces X, for which 77 (X,, F) is a set, the collection.7# (hocolim,, X, F') is also
a set. Since all homotopy colimits can be decomposed into homotopy pushouts and
wedges, it suffices to show this assertion for these special homotopy colimits.

The proof of the wedge axiom in [Proposition 3.2.16] shows that if 5 (X, F) is
a set for a set-indexed collection X, then J2(\/, Xq, F') is also a set.

For the homotopy pushouts, we use the proof of [Proposition 3.2.15] We get a
surjective morphism of classes

d: %(Bl UB, BQ,F) —» %(Bl,F) X #(By,F) %(BQ,F)

By assumption, J(B1, F) X (g, r) 7 (B2, F) is a set. The morphism d de-
composes a fibre sequence E over B; Up, By into the pullbacks of the fibre se-
quence F to By resp. Bs. These fibre sequences are remembered in the element
in J7(B1, F) X y(By,r) (B2, F'). What is forgotten, and what constitutes the
kernel of d is the isomorphism between the pullbacks of E to By resp. Bs. Since
there is only a set of automorphisms for any given fibre sequence, the kernel of d
is also a set. This implies that ¢ (B; Up, Be, F) is also a set.

Therefore, 77(B, F') is a set for any simplicial presheaf B.

We still need to check that the pullback is really well-defined. This is a simple
diagram check, using the cogluing lemma and therefore needing properness.

Assume we have two fibre sequences Eq and Es over B, which are isomorphic in
the homotopy category. We may assume that p; : F; — B are fibrations. If not, we
choose factorizations. The independence of the choice of such fibrant replacements
is proven in [Proposition 3.2.6f We consider the pullback E; xpg A of the fibre
sequence E; along the morphism f : A — B. The isomorphism in the homotopy
category lifts to a zig-zag of weak equivalences, so it suffices to show that a weak
equivalence ¢ : Iy — Es pulls back to a weak equivalence f : E1 xg A — Ey X A.
This follows from the cogluing lemma

Finally, for any fibre sequence F' — E — B, which is locally trivial in the 7T-
topology the pullback F' — E x g B’ — B’ along any morphism B’ is again locally
trivial. This follows by a simple argument from the pullback lemma: The pullback
of ' = E xp B’ along any morphism U — B’ for U € T is also the pullback of F
along U — B’ — B. [ |

PROPOSITION 3.2.6 (i) For any commutative diagram

=~ £,
B

with p1 and py fibrations, the induced weak equivalence on the fibres is equiv-
ariant for the QB-action.

Eq

(ii) Let p: E — B be any morphism with homotopy fibre F' = hofibp. Then the
class [p] € A (B, F) of a fibrant replacement p : E — B of p is independent
of the choice of fibrant replacement.
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(iii) For any homotopy pullback

we have f*[q] = [p].
PRrOOF: (i) This follows since the action as in [Definition 2.1.8 is given by liftings

in a diagram:

A ou El

g l

0 9 Ey
A

Ax]T h—> B

The action of on u is given by the lift 6 which factors through the fibre. Lifting
to Fy and composing with the weak equivalence F; — Fs yields a lift for Fjs.
Therefore, the induced weak equivalence of the fibres is equivariant for the Q2B-
action.

(ii) Note that the injective model structure on simplicial presheaves is a proper
model category, see [Proposition 2.1.19] By [Proposition 2.3.3] ' — EF — B is a
fibre sequence for p a fibration. Now for an arbitrary map p : £ — B, we define
[p] as the fibre sequence associated to the fibration in a factorization

E—>f

N

B.

We need to prove that this is independent of the factorization. We consider two
replacements of p by a fibration: p; : £y — B and ps : F5 — B. Note that

by construction we have trivial cofibrations Fy =, F and FEs =, E. We then
consider the lift in the following diagram:

E—>E,

Nl lm

ElT)B.

This is a weak equivalence by 2-out-of-3. As in the proof of [Proposition 2.3.3] we
obtain a weak equivalence between the fibres F} and Fy. By (i), this morphism is
equivariant for the QB-action, so [p1] = [pa].

(iii) Consider the homotopy pullback square in the statement of the proposition.
By [GJ99, Lemma I1.8.16], there exists a factorization of ¢ into a trivial cofibration
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i: By — Eg and fibration ¢ : EQ — By such that the induced morphism F; —
B) xp, Ey is a weak equivalence. Note that f*[q] is given by By x g, Ea. By (ii)
we can take any fibration El — B; with B} — El a weak equivalence, and by
(i), the homotopy fibres of FE; and B; x B, F5 are weakly equivalent and the weak
equivalence is QB-equivariant. Therefore f*[q] = [p]. [

REMARK 3.2.7 (CATEGORIES OF FIBRES) In the previous paragraph we consid-
ered the situation with one given fibre. This in particular necessitated the restric-
tion to fibrations all whose fibres have the same homotopy type. There are gener-
alizations of this one could discuss for simplicial presheaves: In [May75] a notion
of categories of fibres is developed, which allows to classify fibrations such that for
each x € B, the fibre of p over x is an object of a given category of fibres. This has
also been done in the setting of equivariant topology [Freld], which is quite close
to the setting of simplicial presheaves.

Brown Representability: The Brown representability theorem is not really
a single theorem, but rather a class of results stating conditions under which a
set-valued functor on a model or homotopy category is representable. The first ap-
pearance is in the article of Brown [Bro62] in which it is proven that a contravariant
homotopy-continuous functor on the category of topological spaces is representable,
with main application to the construction of spaces representing generalized co-
homology theories. A more detailed analysis of why contravariant functors and
pointed model categories are necessary assumptions was done in [Hel8T]. Nowa-
days any reasonable textbook on algebraic topology contains a section on Brown
representability for topological spaces. There has developed a large amount of
literature on the Brown representability theorem for triangulated categories, for a
survey see [NeeOT].

There are not so many results on Brown representability for general, in particu-
lar unstable model categories. For a general model category, Brown representability
usually fails, and at least some smallness assumptions are necessary. The paper
[Ros05] proves Brown representability for combinatorial model categories, but for
functors preserving weak colimits instead of homotopy colimits. The Brown repre-
sentability theorem for compactly generated model categories, which is proven in
[Jar06¢], concerns functors preserving homotopy colimits.

There are several names for the condition on the functors: Functors that sat-
isfy the conditions for the representability were called half-exact in [Bro62], but
we use the term homotopy-continuous. The terminology homotopy-continuous is
reminiscent of Mac Lane’s usage of the term continuous for a functor which pre-
serves limits [Mac98, Section V.4]. Homotopy-continuous functors are the model
category analogues of such continuous functors, as the Brown representability is a
version of the adjoint functor theorem for model categories.

DEFINITION 3.2.8 (HOMOTOPY-CONTINUOUS FUNCTOR) A functor F : C? —
Set, on a pointed model category C is called homotopy-continuous if it satisfies
the following assumptions:

(HC i) F takes weak equivalences to bijections.

(HC ii) F(pt) = {x}.
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(HC iii) For any coproduct \/ , Xo of a set {Xy} of objects of C the following
wedge axiom is satisfied:

F(\/ Xa) = [[ F(Xa).

(HC iv) For any homotopy pushout

A——
B——

the induced morphism is surjective:

[

This is called the Mayer-Vietoris axiom.

We will use Jardine’s version of the Brown representability [Jar(6d, Theorem
8] as this formulation is closest to our problems.

THEOREM 3.2.9 (BROWN REPRESENTABILITY) For a pointed, left proper, com-
pactly generated model category C and a homotopy-continuous functor F : C°P —
Set., there exists an object Y of C, a universal element u € F(Y), and a natural
isomorphism

T, : HomHo(C)(X’Y) — F(X) : f = f*(u)

for any object X of C.

COROLLARY 3.2.10 Let C be any left proper, compactly generated model category,
let F,G : C°? — Set, be homotopy-continuous functors with classifying spaces Yr
resp. Yo and universal elements up resp. ug. For any natural transformation

T : F — G there exists a morphism f : Yrp — Yg, unique up to homotopy, such
that the following diagram commutes for all X € C:

Homyo(c) (X, YF) i Hompoc) (X, Ya)

TUF(X)\L lTuG(X)
F(X) G(X)

T(X)

Proor: We set X = Yp. Then T'(Yr)oT,,. (Yr)(id) yields an element of G(X). By
representability, we have that T),,(YF) is an isomorphism and hence the element
above is of the form T, (Yr)(f) for a morphism Yz — Y, which is unique up to
homotopy. |

REMARK 3.2.11 This in particular implies that the classifying spaces constructed
above are unique up to weak equivalence. Note that we see from [Corollary 3.2.10
that there are no problems with phantom maps in model categories of presheaves.
Since we have seen that they do not obstruct Brown representability for morphisms,
they probably form a square zero ideal as in the topological situation.
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From [Proposition 2.2.10] we know that all the model categories of simplicial
presheaves that are interesting for us are indeed compactly generated.

COROLLARY 3.2.12 The injective and projective model structures associated to the
Zariski or Nisnevich topology on the category Smg of smooth schemes over a finite
type scheme S do satisfy Brown representability.

If S is a field admitting resolution of singularities, then the cdh-topology on
Schg and the scdh-topology on Smg satisfy Brown representability.

REMARK 3.2.13 It may be possible that some version of the Brown representabil-
ity theorems also holds for sites like the étale site. Maybe it already follows from
Rosicky’s work [Ros04]. The advantage of using this version of the Brown repre-
sentability is that it applies to all model categories of simplicial presheaves, since
these are always combinatorial, cf. [Proposttion 2.1.194 However, Rosicky works
with weak colimits, and an investigation of the applicability of his results would
involve comparing weak colimits and homotopy colimits. We will therefore not
discuss such issues here and content ourselves with the Brown representability for
cd-topologies.

Proof of Homotopy-Continuity: In this paragraph we will prove that the
functor 5 (—, F') from [Definition 3.2.T1is homotopy-continuous. Then, by applying
the Brown representability theorem discussed above, we get classifying spaces for
fibre sequences and universal fibrations.

First note that (%, F') is the singleton set consisting of the fibre sequence
F — F — %, settling (HC ii).

The next serious thing to do is to show (HC i), i.e. that the functor 5#(—, F')
is homotopically meaningful, in the sense that it carries weak equivalences between
simplicial presheaves to isomorphisms of (pointed) sets. This implies in particular
that there is a right derived functor R#(—, F') : HoC? — Set,.

PROPOSITION 3.2.14 The functor 7 (—, F) sends weak equivalences of simplicial
presheaves to bijections of pointed sets.

PrROOF: Let f : X — Y be a weak equivalence, and consider f* : (Y, F) —
H(X,F).

To show f* is surjective, let F — E L. X be a fibre sequence with p a fibration.
Consider the following diagram:

Therein, F is obtained by factoring f o p into a trivial cofibration i and a fibration
p. Since both ¢ and f are weak equivalences, this square is a homotopy pullback.
Hence by applying [Proposition 3.2.6| we get f*p = p.

To see that f* is injective, let p1 : FF — E; — Y and py : F — E5 — Y be fibre
sequences whose pullbacks are equivalent, i.e. f*p; = f*ps € (X, F). We as-
sume that p; and po are actually fibrations. By properness and the fact that f is a
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weak equivalence, we obtain weak equivalences F; xy X ~ f*FE; — FE;. Therefore,
the fibre sequences F' — f*E; — X and F — E; — Y are isomorphic in the ho-
motopy category. Since we also assumed that f*p; = f*ps, we have isomorphisms
of fibre sequences in the homotopy category, which are also equivariant:

Ey —— f*By —— f*Ey «—— E».

Thus p; and po are equivalent fibre sequences. |

In the following propositions we will prove the two main parts of homotopy-
continuity of the functor J#(—, F), namely the Mayer-Vietoris and the wedge
property. This is the point where we make essential use of the homotopy distribu-
tivity. This remarkable property allows to glue together fibrations defined on a
covering of the base. The outcome will not be a fibration, but we still can de-
termine the homotopy fibre, and therefore, using the work from and
[Proposition 3.2.6], we know what the associated fibre sequence looks like. This is
also the key argument in the work of Allaud [AII66], although there is a lot more
to do if one wants to work with homotopy equivalences of CW-complexes.

PROPOSITION 3.2.15 (MAYER-VIETORIS AXIOM) Let By <~ By —2+ By be a
diagram of simplicial presheaves. We assume without loss of generality that vy :
By — Bi is in fact a cofibration, so that the homotopy pushout is given by the
point-set pushout: B := By U%O By = By Up, Bs.

Then the induced morphism

H(B1Up, B2, F) = J(B1, F') X (B, r) H# (B2, F)
18 surjective.

PROOF: What we have to show is the following: Assume given two fibre sequences
F — Ey — By and F' — E3 — DB, such that the corresponding pullbacks (] E;
and ¢35 E are isomorphic fibre sequences via a given isomorphism p : (JE; =,
t5E5. Then we have to show that there is a fibre sequence over B inducing them
compatibly.

We will apply Mather’s cube theorem from [Corollary 3.1.15] Since we know
that the pullbacks of the fibre sequences are equivalent, the squares in the diagram
are homotopy pullback squares:

By <— B = 5Ey —— )y

T

Bl BO B2-

L1 L2

The homotopy fibres of the vertical arrows are all weakly equivalent to F. Then
Mather’s cube theorem produces the following fibre sequence:

F — By U}, B» %5 B~ B U} B.

Actually, we only get the morphism p, and know that its homotopy fibre is F'.
Then we still have to do some kind of rectification as in to really get a
fibre sequence with total space F := Ej U’}EO E, e (B, F).
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What is left to show is that pulling back E to B; yields equivalences ¢ : E =,

F and v : F» =, F such that over By we have ¢ = 1 o p. This also follows from
homotopy distributivity: We assume p has been rectified to a fibration. Since the
squares

i >

E
|

Bi—>

&

-
bS]

Sy

are homotopy pullback squares, the map E; — FE factors through a unique weak
equivalence from F; to the point-set pullback of E along B; — B. This provides
the equivalences ¢ and . All we need to show is that the following diagram is
commutative:

By the universal property of the pullback, this implies that ¢ o p = ¢, since the
morphism (7 E1 — E X p By is by definition ¢.

The upper left triangle commutes, since p was defined over By. The lower tri-
angles commute because ¢ was defined using the universal property of the pullback
FE x g Bg. The upper right triangle commutes because F was defined as the glueing
of (JE; and (5E5 along p. Therefore, we get that ¢ = 1 o p. In particular, the
image of & € J(B,F) in J(B1,F) X y(p,,r) # (B2, F) is exactly the class of
(E1, E9, p) we started with. [ |

PROPOSITION 3.2.16 (WEDGE AXIOM) Let X, with a € I be a set of pointed
simplicial presheaves. Then

A\ X, F) = [[ #(Xa, F) : E — 14(E)

is a bijection, with 1o : Xo — \/, Xa the inclusion. In particular, 7€(\/ , Xa, F)
is a set if (X, F) is a set for every a € I.

ProoF: By homotopy distributivity applied to the homotopy colimit diagrams
VaoPa i Vo Ea — Vo Xa, we find that all the following squares are homotopy
pullbacks:
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Therefore, the homotopy fibre of \/_ p, is also F'. Rectifying it to a fibre sequence,
we get \/, Fo € 7(\/, Xa, F). This proves surjectivity.

Now assume given two fibre sequences E; and Ej over \/_, X,. We first prove
the weak equivalence \/ , ¢}, F ~ E for any fibre sequence £ — \/, X,. This follows
from distributivity in categories of simplicial presheaves, since FE is isomorphic
to the colimit of ¢} E,. Then one can either use that the wedge is already the
homotopy direct product, or again appeal to the homotopy distributivity. Then
we have the sequence of weak equivalences:

E| ~ \/LZEl ~ \/LZEQ ~ Fs.
o o

The middle weak equivalence follows from the fact [[Jar96, Lemma 13.(3)] that
for a set-indexed collection of weak equivalences f, : X, — Y,, the morphism
V, fa is also a weak equivalence and the assumption that [[ ¢} E1 = [[ ¢ FE> in

[1, 77 (X, F).
The set theory statement is then clear, since a set-indexed product of sets is
again a set. [

THEOREM 3.2.17 The functor 5 (—,F) is homotopy continuous and therefore
representable by a space BYF. The space BfF is unique up to weak equivalence.

The universal element up € H(BfF,F) corresponds to the universal fibre
sequence of simplicial presheaves with fibre F':

F s E'F S BF

We use the notation Bf F to distinguish from other possible classifying spaces
we will discuss later on.

Using homotopy distributivity once again, we can construct change-of-fibre
natural transformations, which via Brown representability for morphisms give rise
to morphisms between the corresponding classifying spaces.

PROPOSITION 3.2.18 For any morphism f : F — F' of simplicial presheaves, there
is a natural transformation H(—, F) — A (—, F'). By Brown representability this
is representable by a morphism BfF — BIF'.

PRrROOF: We start with a fibre sequence F — E — B. For any morphism F — F’
we can consider the new total space B/ = EU%F/ . We note that since the morphism
F — B is trivial, the morphism F' — F’ is a B-morphism for F' and F’ with the
trivial structure morphisms * : F' — B. By the universal property of the pushout,
we have a morphism E' — B.

Homotopy distributivity implies that the homotopy fibre of £/ — B is F’: We
write E’ as the homotopy colimit

F—F

L

F'—E'

The diagram of homotopy fibres is then given by
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FxQB——F

|

F'xQB——F'.

This is easily seen to be a homotopy pushout and by [Proposition 3.1.16| the ho-
motopy fibre of E/ — B is F’. Now we just rectify it to a fibre sequence over

B, using [Proposition 3.2.6] This is natural, since it is constructed using universal
constructions, and the class in 7 (—, F’) does not depend on choice of rectifica-
tion. Therefore, we have a natural transformation . (—, F) — ' (—, F’) for any
morphism of simplicial presheaves F' — F”.

Using Brown representability from [Corollary 3.2.10] we have a morphism of
classifying spaces B/F — B/ F'. [ |

In the following we will describe some interesting operations on fibre sequences
generalizing well-known operations on bundles. For topological spaces a discussion
of such operations can be found in [Rud98, Proposition 1.43] or [May80].

Let Fi — E1 — By and F5, — E9 — By be two fibre sequences. Then the
product of these is given by F; x Fo — E1 X EFs — By X By. This product operation
yields a natural transformation (B, Fy) X 5 (Ba, Fy) — 5 (By X By, F} X Fy).

There are external operations starting from fibre sequences over B; and B,
applying a change-of-fibre to the product of the fibre sequences to get a fibre
sequence over B; X Bs. For B; = By one can also define internal operations by
base change along the diagonal. We first define the external operations.

The fibrewise smash product is given by applying [Proposition 3.2.1§ to the
change-of-fibre morphism F; x F» — Fy A F5. Composing with the product, we get
an external operation 7 (B1, F1) X 5 (B, Fy) — 5 (B1 X Ba, F1 N\ F).

Since suspension is defined by ¥X = S! A X, we can also define fibrewise
suspension by first taking the product S' x F — B x S' x E — B x B, where the
Sl-fibre sequence is trivial, and then changing the fibre along S' x X — Y. X. Base
change along the diagonal yields the fibrewise suspension (B, F') — (B, XF).

Similarly, there is an external fibrewise join .7 (B, Fy) X 7 (Ba, Fy) — (B X
By, F} % F3), where the join of simplicial presheaves is defined by Fj x Fy = X(F) A
).

The corresponding internal operations are defined by base change along the
diagonal A : B — B x B, the fibrewise smash product over the base B being a
natural transformation & : (B, F1) x € (B, F») — (B, F1 A F). The notation
@ should emphasize the similarity of the fibrewise smash with the Whitney sum
of bundles.

COROLLARY 3.2.19 The operations defined above induce morphisms of classifying
spaces, i.e. there are morphisms of classifying spaces associated to fibrewise smash

BY(N): BIFy x BIFy — BY(F) A Fy),

and fibrewise suspension BfF — BfSF. In particular, for any H-group structure
o: FAF — F on F, we obtain an H-group structure on the classifying space BT F
by composing B (N) with the change-of-fibre along the operation o.
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Similarly, there are morphisms from usual classifying spaces of sheaves of groups
to classifying spaces for fibre sequences. For a group G acting on F'via ¢ : GX F —
F, take a principal fibration with structure group G and a given trivialization.
Then replace the group fibres by F', and use the transition maps induced via ¢ by
the transition maps of the principal G-bundle. This produces a locally trivial fibre
sequence with fibre F'. In the following we use the change-of-fibre morphisms to
make this precise.

PROPOSITION 3.2.20 Let F be any simplicial presheaf, let G be any sheaf of groups
and let an action ¢ : G X F — F be given. Then there exists a morphism of
classifying spaces BG — BIF.

Note that the action above is via homotopy self-equivalences, and the group

of homotopy self-equivalences contains the group of automorphisms of F' in the
category of sheaves.
PRrOOF: The idea for the construction is similar to what we did for the fibrewise
smash products: We want to assign to any principal G-fibration a fibre sequence
with fibre F'in a functorial way to obtain a natural transformation Hom(—, BG) —
H(—, F).

Let a principal G-fibration G — F — B be given. We take the product with
the trivial F-fibre sequence and obtain G x F' — E x F' x B — B x B. Then we
apply the change-of-fibre along the action G x F' — F. Finally, we pull back the
resulting F-fibre sequence over B x B along the diagonal A: B — B x B.

Now we just apply [Proposition 3.2.18|to obtain the morphisms of the classifying
spaces. |

Comparison with Related Work: In this paragraph, we want to compare
the classifying spaces we have constructed in [[Theorem 3.2.T7 to other classifying
spaces that have been described previously.

We first want to note that classifying spaces for fibre sequences of simplicial
presheaves have not yet been considered in the literature. There is of course work
on torsors under simplicial presheaves of groupoids and classifying spaces for such
objects. The most important references seem to be [I1T93], [IL0O6] and [MV99].

The work of Joyal and Tierney [IT93] considers classifying spaces for simpli-
cial groupoids. This allows to construct classifying spaces for torsors under the
simplicial groupoid of homotopy automorphisms of a simplicial presheaf X.

Similar results are proven in [IL06] resp. [lar(6a]. This provides an identifica-
tion of the set H'(*, G) of G-torsors over the final object, and the set of homotopy
classes of morphisms * — BG. One would however like this identification to hold
for an arbitrary simplicial presheaf X instead of only the final object .

On the other hand, Morel and Voevodsky in [MV99] provide the identification
of torsors in H'(X,G) and homotopy classes of morphisms X — BG, but only
discuss the construction of classifying spaces for a simplicial group G of simplicial
dimension zero.

Finally, Waner constructed classifying spaces for fibre sequences of G-CW-
complexes in [Wan80]. This setting is similar to the simplicial presheaves setting,
since the G-CW-complexes are interpreted as presheaves on the orbit category of
the group G, the difference being that there is no Grothendieck topology on the
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orbit category involved. Still, the equivariant setting can always be used as a
source of examples for statements on simplicial presheaves.

Restricting to fibre sequences which are locally trivial in some Grothendieck
topology on the site T, it is possible to compare torsors under the simplicial group
sheaf Aute(F') of homotopy automorphisms of F' to fibre sequences with fibre
F as follows: Using [Proposition 3.2.20] it is possible to construct a morphism
B Aute(F) — B/F which associates to each torsor a fibre sequence. This mor-
phism is usually not a weak equivalence, as the examples below will illustrate.
Note also that we have to require that the fibre is identifiable, in the sense that
there is a global morphism F — FE. This might fail for étale coverings with finite
structure group, cf. [Example 3.2.21] If we restrict to fibre sequences which are
locally trivial in the topology T, as in the proof of [Proposition 3.2.5, and every
Aute(F)-torsor also yields a fibre sequence, then the above morphism will be a
weak equivalence. To prove this, it would suffice to check the identification of mor-
phisms U — B Aute(F) with morphisms U — B/ F for representable schemes U,
since the behaviour of the above objects under homotopy colimits is the same and
therefore this identification extends to general simplicial presheaves. The general
description of locally trivial fibre sequences in terms of torsors under the homotopy
automorphism group sheaves Aute(F) is left to future work.

We now want to compare the classifying spaces we constructed above to the
constructions of classifying spaces in [MV99] in some interesting zero-dimensional
cases. Let G be a sheaf of groups. We denote by BG the classifying space of
G-torsors, and by BfG the classifying space of G-fibre sequences. It is interesting
to compare the two: First, the existence of a reduction of a fibre sequence to a G-
torsors depends on the topology in which we can trivialize the fibre sequence. No
étale locally trivial G-fibre sequences for a finite group G yields Nisnevich torsors
under G unless it is trivial, cf. [Example 3.2.21] Secondly, the group sheaf G can
have outer automorphisms, which also yield fibre sequences, which do not come
from torsors. Finally, even if there is a reduction of the fibre sequence to a torsor,
the uniqueness is not guaranteed. (Thanks to Denis-Charles Cisinski for insisting
on this point, thinking about his questions made me understand a little more the
subtle interplay of topology and geometry in the classifying spaces constructed
above.)

We will deal with two major examples, namely finite groups and Gy,.

ExaMPLE 3.2.21 We first discuss the case of classifying spaces for a finite group
scheme G, comparing the three objects: BG, B/G and BgG.

The first of these classifies G-torsors in the Nisnevich topology. Since all of
these are trivial, the homotopy groups of BG are

G i=1
mi(BG) = { 0  otherwise,

where G is the sheaf represented by the group scheme . For a finite group G, the
group Hjl\,is(X ,G) is trivial. This is basically due to the fact that no finite étale
morphism is rationally trivial unless it is trivial. This implies that the classifying
space BG of Nisnevich G-torsors for a finite G has trivial .
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The space BgG classifies étale coverings with Galois group G. Therefore its
homotopy groups are given by

H!(-,G) i=0
ﬂi(BétG) = G 1=1

0 otherwise.

This is proven in [MV99] Corollary 4.3.2].

Now it is not exactly clear what the group of connected components of BfG is.
We can require that all the fibre sequences are locally trivial in the étale topology,
i.e. that for any morphism U — B into the base of the fibre sequence G — F — B,
the pullback G — ExpU — U is an étale morphism. Then any fibre sequence will
come from an étale torsor resp. would be strictifiable to an étale torsor, whence
we would get a morphism B/G — BgG.

On the other hand, some of the étale G-torsors are obviously not fibre sequences
with fibre G. Consider for example a finite field extension with Galois group G.
This is classified by a morphism into Bg G, but it is not a fibre sequence with fibre
Z/2. The reason is simply that there is no morphism Z/2 = Speck @& k — Spec L
for L/k a finite field extension, not even in the homotopy category. The morphism
Spec L — Speck is just a trivial fibre sequence with fibre Spec L.

Any Nisnevich torsor over a smooth scheme under a finite group is trivial as
noted above, and we obtain obvious morphisms BG — B¢G and BG — BfG.

So the spaces BfG, BG and BgG are pairwise distinct for finite G.

We finally give an example of a geometric fibre sequence with fibre Z/2 which
is classified by BfG: The Enriques surface yields one example of a fibre sequence
with Z/2-fibre: We consider any rational point € X, which lifts to two rational
points on Y, the Kummer surface covering X. Then we have an explicit morphism
7Z/2 — Y, and we only need to check it is really the inclusion of the fibre. Since
Y — X is a Z/2Z-torsor, it is étale-locally a projection away from Z/2, which
proves the claim. The only problem is that this argument has to be done in the
étale topology, and we have to transfer it to the Nisnevich topology as follows:
Since it is a torsor in the étale topology, it is classified by a map to BgG, which
implies the lifting property exactly as in the work of Morel [Mor(6b]. Then we just
need to show that the inclusion of Z/2 is really the fibre, which we check locally.
Another way to see that this fibre sequence in the étale topology pushes forward
to a fibre sequence in the Nisnevich topology is the paragraph on change-of-site in

One could imagine many more examples of such geometric fibre sequences with
finite fibres, and we find that there are morphisms with fibre a finite group which
are not locally trivial in the Nisnevich topology, but still are fibrations with fibre
this finite group. We will see more examples of this type in the next section. [

ExaMPLE 3.2.22 We now turn to the classifying spaces for the group scheme G, :
In this case, we know by homotopy invariance of the group of units and the Picard
group that BG,, and BgG,, are weakly equivalent and the homotopy groups are
given by
Pic(—=) i=0
mi(BGy,) = mi(BaGp) = 0*(—) i=1

0 otherwise.
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This is described in [MV99) Proposition 4.3.8] and is due to the fact that any étale
G,,-torsor has a rational section and therefore is also a torsor under G,, in the
Nisnevich topology.

Any G,,-torsor induces a fibre sequence with fibre G,,, therefore we have a
morphism BgG,, = BG,, — BfG,,.

However, not every fibre sequence with fibre G,, is a torsor. There is an outer

automorphism
1

Gy —>Gp:x— a7,
and we can use this to construct fibre sequences with fibre G,,, which do not come
from G,,-torsors: We take an étale covering of X of degree 2, trivialize it in the
étale topology and glue in G,, as a fibre with the action of Z/27Z given by the above
automorphism. This induces a G,,-fibre sequence by an argument similar to the
previous example. One should note however that the fibre sequence is not locally
trivial in the Nisnevich topology, since the Z/2Z-covering is not locally trivial in
the Nisnevich topology.

We see that there are several fibre sequences with fibre G,, not coming from
torsors, but rather being induced from outer automorphisms. If we restrict to fibre
sequences which are étale locally trivial, then there should be a decomposition

B/G,, ~ BG,, x B&(Z/2Z).

The interesting thing to note is that the first factor is P*°, which upon complex
realization yields CP*°, whereas the second is the real projective space RP*°. [

The question of strictification can conveniently be formulated in the framework
of classifying spaces. As we saw earlier, there is a morphism BG — BfF from
the classifying space of G-torsors in the Nisnevich topology to the space classifying
fibre sequences with fibre F', where F' is any simplicial presheaf with a G-action.
The obstructions and classification invariants needed to decide if a given G-fibre
sequence comes from a G-torsor are then all contained in the homotopy type of
the homotopy fibre of the morphism BG — BfF. One example of this situation
is discussed in the next paragraph.

Note that there are many interesting classifying spaces we have not yet dis-
cussed as the examples above only referred to zero-dimensional fibres.

Remarks on Applications: One application of classifying spaces for fibre se-
quences is discussed at length in There we will describe how the exis-
tence of classifying spaces for fibre sequences implies the possibility to construct
fibrewise localizations of such fibre sequences.

Another possible application we want to mention is a yet to be developed
surgery theory for schemes. This idea is due to Fabien Morel, mentioned e.g. in
[Mor(6al] and aims at a version of the surgery program to algebraic varieties at least
over a field. We recall how important classifying spaces of various structures are
in the surgery theory and classification of manifolds, for details see e.g. [MMT79]
and references therein. The first obstruction for a homotopy type X to be the
homotopy type of a closed topological, PL or smooth manifold is finiteness and
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the existence of a fundamental class [X] € H,(X,Z) inducing the Poincaré duality
isomorphism

—-N[X]): H(X,Z) — H, (X, 7).

Such finite CW-complexes are called Poincaré duality spaces. Note that we re-
strict to simply-connected CW-complexes for simplicity. To such a space one can
associate a spherical fibration, i.e. a fibre sequence S¥ — E — X with a sphere
as fibre. This is called the Spivak normal fibration. For a smooth manifold, this
normal fibration is given by the normal sphere bundle coming out of the Thom
construction applied to the tangent bundle. A necessary condition for X to have a
PL or smooth manifold structure is then the existence of a reduction of the Spivak
normal fibration to a vector bundle with a smooth or PL structure.

Denoting as in [MM79] by BG the classifying space of spherical fibrations, the
Spivak normal fibration is classified by a morphism f : X — BG. There are
also classifying spaces for topological, smooth or PL structures on such fibrations,
which are denoted by BTOP, BO resp. BPL. The existence of smooth manifold
structures on X is then related to the existence of liftings of the morphism f :
X — BG along the morphism ¢ : BO — BG. The latter comes out of the Thom
construction applied to an orthogonal vector bundle. Denoting the homotopy
fibre of ¢ by G/O, the normal cobordism classes of smooth structures on X are
then classified by the different possible lifts of f along ¢, which are exactly the
morphisms X — G/PL. The same prodecure works for topological resp. PL
manifold structures on X.

Therefore, a manifold structure can be seen as a homotopy type having Poincaré
duality together with some tangent data [Sul05]. The problem of classifying man-
ifold structures on a given CW-complex X then reduces to describing the var-
ious classifying spaces, and the homotopy fibres of morphisms BPL — BG or
BO — BG. Indeed, most of the work in [MM79] is devoted to computing coho-
mology and homotopy groups of G/PL, G/TOP and other related spaces. A very
famous result of Kirby and Siebenmann can be written as TOP/PL ~ K(Z/2,3).
This gives a precise obstruction lying in H*(X,Z/2) to the existence of PL struc-
tures on a topological manifold X, the different PL structures are then classified by
H3(X,7/2). This enabled the construction of counterexamples to the triangulation
conjecture and the Hauptvermutung of combinatorial topology.

As another famous application of classifying spaces of spherical fibrations, we
want to mention Sullivan’s proof of the Adams conjecture. This proof proceeds
via fibrewise localization and completion of spherical fibrations, which is most
naturally expressed in the setting of classifying spaces of such spherical fibrations.
This was pointed out and investigated by May in [May80].

It is still rather unclear if there is any way to make a surgery theory work for
schemes over a field, letalone over a more general base scheme S. Nevertheless,
we can try to develop the homotopical side, looking at the analogues of spherical
fibrations and their classifying spaces in the homotopy theory of simplicial sheaves
on Smg resp. in Al-homotopy theory. Note however that the geometric significance
of these constructions remains yet to be determined.

Now in A'-homotopy there are more spheres than in topology. First, there
are not just the simplicial spheres S7" which are the constant simplicial presheaves
U S = A"/OA™. There is at least one other interesting sphere, namely the
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representable sheaf S} = G,,,. These give rise to a bi-indexed collection of spheres
SPd = SETTA S, Up to Al-homotopy equivalence, there are geometric models for
some of these spheres, e.g. S%! = ¥,G,, ~ P!, §2%n ~ A" /(A" \ {0}) ~ P?/Pn—!
and S?"~1m ~ A"\ {0}.

The problem with these many spheres is that they can only be identified af-
ter localizing A!, and these various different models of these spheres give rise to
possibly different theories of fibre sequences and different classifying spaces in the
simplicial model structure before localization.

We therefore chose to work with a fibrant and A'-local model of the spheres.
The fibrewise localization which we will discuss in then allows to con-
struct localization morphisms BfSP4 — B/L,15P9 on the classifying spaces via
Brown representability for morphisms. A spherical fibration is therefore a fibre
sequence of simplicial presheaves

LySP" — FE — B.

Using [[heorem 3.2.T7, these spherical fibrations are classified by a space which we
denote BfL,15P4. Note that in particular we do not require that all the simplicial
presheaves are Al-local: We need to work in the model category of simplicial
sheaves, since only there we know homotopy distributivity, which is the crucial
point in our construction of classifying spaces.

This however gives rise to a very interesting question that does not appear
in topology: Is the corresponding space BfL 1579 actually Al-local? Is every
spherical fibration as above actually an A'-local fibre sequence? A positive answer
would of course imply that the classifying space we constructed here is a classifying
space for spherical fibrations in the A'-local model structure, whereas a negative
answer would exhibit a quite surprising twist in the theory of motivic spherical
fibrations.

Another interesting question to ask is whether there are always nice “geometric”
models for spherical fibrations, e.g. is any spherical fibration L1 (A"\{0}) — E —
B represented by a principal Aut(A™\ {0})-bundle? This is also a question how
much the spaces A™ \ {0} and Sing?' (A™\ {0}) have in common, and whether the
latter space is quasi-fibrant etc. All such questions are questions about homotopy
fibres of morphisms between the classifying spaces described above.

Although what we have described above yields unstable spherical fibrations for
all the motivic spheres, those on the diagonal BfL 415%™ seem to be closest to
the topological situations. The other spheres have a tendency not to behave like
one would expect from topology.

Finally, the classifying spaces for stable spherical fibrations can also be con-
structed. We construct the space BfL,15%%* of stable spherical fibrations with
fibre any sphere S?™". These spaces are related via smash products

gpa p gphd ., gptplatd
These induce fibrewise smash product operations Bf$%1 x BfSp4 — Bfgpt2.a+l

by [Corollary 3.2.19, Taking as first argument the trivial S*!-bundle yields the
fibrewise S%!-suspension we are interested in. We then obtain a directed colimit

diagram
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BfLAl]P:l_)..._>.BfLA152n,n%BfLAlswerantl

Then we just take the homotopy colimit, and obtain the classifying space of stable
spherical fibrations, which we denote BfL41.5%**. Note that this classifying space
for stable spherical fibration has the structure of an H-space due to the fibrewise
smash products.

Looking at the topological situation [MMT79, Corollary 3.8], we should expect
that the homotopy groups of the above classifying spaces are actually the stable
homotopy groups of the sphere spectrum. In lack of a good orientation theory, we
can not really talk about oriented spherical fibrations. However, with the right
notion of orientation, we should have the splitting of BfL,15%%* into one factor
K (71 (BfLj18%%*),1) describing the possible orientations of the spheres, and the
classifying space for oriented spherical fibrations, whose homotopy groups m, for
n > 2 should be the stable homotopy groups of the sphere spectrum.

There is however one construction that we can do, which is the motivic analogue
of the topological morphism BO — BG. Let Grs, denote an Al-local fibrant
model of the infinite Grassmannian. It is proven in [MV99, Proposition 4.3.14]
that this object represents K-theory in the simplicial model structure in the sense
that there is an isomorphism for any regular scheme X over a noetherian base S
of finite dimension

Kn(X) = Hompq ey (X5 Xy, Lpg(Exi Groo X Z, %)),

where C = A°°’PShv(Smg n;s) and Ex{3 Gro is a fibrant model of the infinite
Grassmannian over SpecZ. Using Brown representability for morphisms, one can
construct a morphism from this space representing K-theory to the classifying space
of spherical fibrations. The following argument explains how to construct a natural
transformation Ko(—) — (—, L;1.5%%°®). Let therefore X be a smooth scheme
over S, and let p : E — X be a vector bundle representing a class [E] € Ko(X).
We apply the Thom-space construction of [MV99], Definition 3.2.16] to this vector
bundle, which is defined to be the pointed sheaf

Th(E) = E/(E\ 2(X)),

where z : X — F is the zero section of £. This is Nisnevich-locally trivial, and
the fibre is A™/(A™ \ {0}). Then we do a fibrewise localization or just a change-
of-fibre along the localization morphism A™/(A™ \ {0}) — L,1S5**". This yields a
spherical fibration with fibre L;1.5?" for a vector bundle of rank n and therefore
a stable spherical fibration in general. This construction is natural since all its
steps are natural. What is left to show is that for two stably isomorphic vector
bundles F; and F», the induced spherical fibrations are equivalent. This follows
since the trivial vector bundle A" x X — X induces the trivial spherical fibration
x Adid @ Ly S?™™ A X — % A X, and isomorphic vector bundles are mapped to
equivalent spherical fibrations. What we have shown is that there is a natural
transformation of functors Ko(—) — J#(—, L,15%*®) on Smg which gives rise to
a morphism on classifying spaces BGLoo X Z — BT L 1587,

It is interesting to look at the homotopy fibre of this morphism, which is the
algebraic analogue of the space G/O. This is the space that should classify the
normal cobordism classes of vector bundle reductions of a given spherical bundle.
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The geometric significance of such a construction remains yet to be determined.
In topology, this space classifies normal cobordism classes of smooth structures on
a Poincaré duality space. It is not clear if one should expect scheme structures
to reduce to motivic homotopy types with Poincaré duality together with tangent
data. Note also that already in topology, the determination of the homotopy type
of G/O requires several deep results including the solution of the Adams conjecture
and the exotic smooth structures on spheres. The algebraic situation tends to be
even more complicated, since we can describe neither algebraic K-theory nor the
stable homotopy of the motivic spheres except in rather special situations.

Using the above strategy, one can also construct other interesting morphisms
from BGLy X 7Z corresponding to other constructions one can apply to vector
bundles. One possibility is to simply delete the zero-section of a vector bundle
of rank n to obtain a fibre sequence with fibre A" \ {0}, which yields a mor-
phism BGLs x Z — BfL,15%*~1*. Tt is also possible to apply a change-of-fibre
along A"\ {0} — P"~1. This yields a morphism BGL, — BfP"~! which fac-
tors through BPGL,. The homotopy fibre of this morphism describes if a fibre
sequence with fibre the projective space P"~! is equivalent to the projective space
associated to some vector bundle. Furthermore, we have the fibrewise localization
morphism BfP* — BfL,1P" whose homotopy fibre should say something about
fake projective spaces and fake projective bundles, since such can only appear after
Al-localization. Already in classical algebraic topology, there are fake projective
spaces homotopy equivalent to CP" but not diffeomorphic to it, so the algebraic
situation is probably worse and depends on the arithmetic of the base scheme.
Probably, there is a difference between homotopy automorphisms of L,1P" and
projective linear transformations in PG L1, and the homotopy fibre of the mor-
phism BPGL, 1, — BfL,1P™ describes these.

One final remark we want to make is that the techniques described above
only work for topologies given by cd-structures. Since we have proven homotopy-
continuity for simplicial presheaves on arbitrary Grothendieck sites, the construc-
tion of classifying spaces could be extended to the general case either by using a
description of classifying spaces by a general bar construction or an extension of
the Brown representability theorem to model categories of simplicial presheaves.
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3.3 Examples of Fibre Sequences

In this section, we explore possibilities to construct fibre sequences of simplicial
presheaves.

One way is to use [Proposition 3.1.11} It is possible to check if FF — F — B is
a fibre sequence by checking if p*(F') — p*(F) — p*(B) is a fibre sequence for a
set of jointly surjective points of the topos Shu(T).

This of course works only in case there are enough points. In the general case
of an arbitrary Grothendieck topos, one has to use Rezk’s notion of sharp maps:
Sharp maps can be glued nicely, and their point-set fibres and homotopy fibres
are weakly equivalent. They behave like the quasi-fibrations of Dold and Thom
[DT5S].

It is also possible to use the change-of-site functors. For a geometric morphism
of topoi f : & — &', the functor f, is a right Quillen functor, and its associated
right derived functor R f, takes fibre sequences to fibre sequences. This allows to
get fibrations of representable objects which are fibrant, cf.

Finally, there are some “topological” fibre sequences coming out of a presheaf
analogue of Ganea’s theorem, which describes the relation between wedge sums
and products. These directly follow from homotopy distributivity.

Torsors and Fibre Sequences: We first prove the statement that fibre se-
quences can be checked locally.

PROPOSITION 3.3.1 Let T be a site such that the topos Shu(T') has enough points.
Let F — E — B be a sequence of morphisms of pointed simplicial presheaves in
A°PPShu(T), with F fibrant. This is a fibre sequence iff p*(F) — p*(E) — p*(B)
is a fibre sequence for each point.

PRroOF: This follows from [Proposition 3.1.11|since F' — FE — B is a fibre sequence
in a proper model category iff the left square in the following diagram is a homotopy
pullback:

| b

To see this, we consider the right square, which is constructed by first taking a
fibrant replacement j : B — B, and then factoring the composition £ — B as a
trivial cofibration followed by the fibration p. The right square is a homotopy pull-
back, so by the homotopy pullback lemma the left square is a homotopy pullback
iff the composition of the two squares is. The outer square is a homotopy pullback
iff F~p~l(x)iff F— FE — B is a fibre sequence. |

Sharp Maps: For a general site, it is quite difficult to figure out what the fibra-
tions are. Even for topological spaces, it is sometimes difficult to handle fibrations,
in particular when it comes to glueing. The work-around Dold and Thom used in
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their work was the notion of quasi-fibration [DT58]. Quasi-fibrations do not nec-
essarily satisfy the lifting property, but still give rise to long-exact sequences for
the homotopy groups, i.e. the point-set fibre is weakly equivalent to the homotopy
fibre.

A similar notion that works for general model categories of simplicial sets is
the notion of sharp maps, due to Rezk [Rez98, Section 2]. The stability properties
these morphisms satisfy make them quite useful for constructing fibre sequences, as
we will see in this paragraph. For a topos with enough points, the results presented
here could also be proved using [Proposition 3.3.1, but the theory of sharp maps
makes it possible to settle the general case. We first recall the definition of sharp
maps.

DEFINITION 3.3.2 Let C be a model category. A morphism f : X — Y in C is
called sharp if for each diagram of the form

XII$X/_>X

N

y” vt y' ——=Y,

in which © is a weak equivalence and each square is a pullback square, the map j is
also a weak equivalence.

As was the case for the theory of homotopy pullback squares, it is more conve-
nient to assume the model category C is actually (right) proper. This e.g. implies
that any fibration is sharp. However, it also implies that any pullback square
with a sharp map is already a homotopy pullback square. Therefore sharp maps
give rise to fibre sequences. The first part of the following proposition is [Rez98|
Proposition 2.7].

PRrROPOSITION 3.3.3 Let C be a proper model category. If p: E — B is a sharp
map then any pullback of p along any morphism f: X — B is a homotopy pullback.

Choosing in particular the morphism * — B, we obtain a weak equivalence
between the point set fibre p~'(x) and the homotopy fibre hofib(p). Therefore,
F=p () = E — B is a fibre sequence in C.

ProoF: Let p : E — B be sharp. Choose a factorization of f into a trivial
cofibration ¢ : X — X and a fibration f: X — B. We get the following diagram:

ExpX —-Ex,X——E

R

X ; X 7 B.

Since p is sharp and i is a weak equivalence, the morphism j is also a weak equiva-
lence. Therefore the composition of the two squares is a homotopy pullback square
by definition.
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For the second claim note that the point-set fibre is the pullback £ x g *. The
the homotopy fibre is ¥ X g % in the above notation, in other words it is the point-
set fibre over the path-space of B. The fibre sequence statement then follows from
an argument similar to the one in the proof of [Proposition 3.3.1}

There are some nice stability properties satisfied by sharp maps in the model
category A°? PShv(T) of simplicial presheaves on any Grothendieck site T'. These
imply that locally trivial morphisms are sharp maps. The following proposition
lists the stability properties of sharp maps described in [Rez98, Theorem 5.1].

PROPOSITION 3.3.4 LetT be any Grothendieck site. All the morphisms considered
in the following are morphisms of simplicial presheaves on T'. Then the following

hold:

(i) Morphisms, which sheafify to local fibrations are sharp.

(i1) For any object X € A°® PShv(T) the projection X — * is sharp.
(iii) Sharp maps are closed under base change.

(i) If f is a map such that the base-change of f along some epimorphism is
sharp, then f is sharp.

(v) Coproducts of sharp maps are sharp.

Using these stability properties, we can show that locally trivial morphisms in
a model category of simplicial presheaves are sharp.

COROLLARY 3.3.5 Let T be a site, and f : E — B a morphism of T which is
locally trivial with fibre F' — E for the topology of the site. Using the Yoneda
embedding y : U — Homp(—,U) : T — Shv(T) followed by sheafification L? and
the functor ¢ : Shv(T) — A°PShv(T) taking every sheaf F' on T to the sheaf of
constant simplicial sets associated to F', the morphism coy(F') of simplicial sheaves
is sharp.

PROOF: By assumption, there is a covering U; — B such that the pullback F xpg
U; — U; is isomorphic to U; x F' — U;. In other words, the following square is a
pullback:

HaUaXF—>E
L)
I, Ua B

Since the Yoneda embedding commutes with finite limits, the above diagram is
a pullback also if we view it as diagram of representable presheaves. Point-set
distributivity in topoi implies that the following diagram is commutative:

[1o(Ua x F) - (o Ua) x F

~.

Ha Ua
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Almost by definition, the map
HL2 oy(Uy) — L?o y(B)
(0%

is an epimorphism in the category of sheaves iff U, — Y is a cover.

The closure properties from [Proposition 3.3.4] then imply that f is sharp: By
(iv), it suffices to show that we morphism [[, Uy x F' — [[,, U, is sharp, since this
is the base change of p along the epimorphism coming from the covering U, — B.
This morphism is a coproduct, so by (v) it suffices to check if U, x F' — U, is
sharp for any a. This follows by (ii) applied to F' — * and (iii) base change F' — x
along U, — *. |

REMARK 3.3.6 e Note that there are Quillen equivalences relating the injec-
tive model structure to other model structures (projective and several inter-
mediate ones) on simplicial presheaves. The corresponding functors are the
identity functors, and basically only “compare” the sets of cofibrations resp.
fibrations. Moreover, the injective model structure is the one with the least fi-
brations, hence the right Quillen functor of the Quillen equivalence goes from
the injective model structure to e.g. the projective. Thus it preserves fibra-
tion sequences, and the above corollary holds for all those model structures
having more fibrations than the injective model structure.

o The above argument only works for the given embedding as a constant sim-
plicial presheaf. Embedding the smooth schemes via the A'-resolution X +—
Homg,, /S(— x AL, X)) will not produce a surjective map of simplicial sheaves
for the covering U, — X. The simplest (but general enough) counterexample
to this can be described as follows: Consider the covering G,, UG,, — Al
given by the complements of 0 resp. 1. We consider the sheaves of 1-
stmplices, where the morphism corresponding to the cover is

Hom(— x A',G,, UG,,) — Hom(— x Al A1),

given by simple composition. If this was surjective, it would also be surjec-
tive on global sections, i.e. on sections over k. But that is false, as any
map Hom(A!,G,, UG,,) must be the constant map into one of the compo-
nents, whereas the endomorphism group Hom(A', A') contains many more
nontrivial elements.

e The same proof (modulo minor modifications) shows that locally trivial fi-
brations induce fibre sequences of sheaves of spectra. We have not included
the precise statement and proof, as the result may only have limited use: In
stable model categories, the motions of cofibre sequence and fibre sequence
coincide, and cofibre sequences might be easier to construct. Note however,
that precisely for this reason fibre sequences are preserved by any localization
of a stable model category. Thus for any locally trivial fibration E — B, we
have an A'-local fibre sequence of suspension spectra

EHC;?F — EH%?E — Eﬂcﬁ

Most of the results of this thesis are only interesting in the unstable setting
anyway.
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Change of Site: One can also use different sites to produce fibre sequences. The
key idea is to note that for a morphism of sites 7 : T} — 15, there is an induced
geometric morphism of topoi 7 : Shv(T) — Shv(T) which yields a Quillen pair.
The total right derived functor R, : A°° PShv(Ty) — A°°?PShv(Ty) preserves
the right part of the model structure, in particular fibrations, homotopy limits and
fibre sequences. Therefore a fibration p : F — B of fibrant simplicial presheaves
on T} yields a fibration m,(p) : m«(E) — m«(B) of fibrant simplicial presheaves on
T5. This allows to produce fibre sequences on T5 which are not locally trivial in
the topology of Tb.

As an example, consider Smg ¢ — Smg n;s and let p : E — B be an étale
locally trivial morphism p : B — B. Then the fibrant replacement p : E — Bisa
fibration of fibrant simplicial presheaves in the model structure for the Nisnevich
topology. As we have seen in[Secfion 23] simplicial presheaves of simplicial dimen-
sion zero are fibrant if they are sheaves. We have therefore proven the following
proposition:

PrROPOSITION 3.3.7 Let F — E — B be a morphism of sheaves on Smg equipped
with the étale topology, such that there exists an étale covering U; of B and iso-
morphisms F' x U; 2 E xpU;. Then F' — E — B is a fibre sequence of simplicial
sheaves in A°P PShv(Smg nis).

Therefore also families of schemes which are not rationally trivial, i.e. trivial
in the Nisnevich topology, can still be fibre sequences for the Nisnevich topology
as long as there is an inclusion of fibre morphism F' — E. As already remarked
in the previous section, this does not imply that the homotopy fibre of a Galois
extension Spec L — Speck is the Galois group Gal(L/k): There is no morphism
Gal(L/k) — L, although after base changing to L both are isomorphic. However,
for an étale covering p : Y — X such that there is a morphism Gal(Y/X) — Y,
there also is a fibre sequence Gal(Y/X) — Y — X, as was already noted in
[Mor(6bl, Lemma 4.5, Example 4.6].

In general, the above proposition only works nicely for simplicial dimension
zero since in this case no fibrant replacement is necessary. The fibre sequences
obtained are however only interesting in the A!-local model structure, since before
localization, there is only a dimension zero-component.

Geometric Fibre Sequences: The following give some examples of fibre se-
quences of sheaves of simplicial dimension zero. These are rather simple things.
In fact, any morphism f : X — Y of simplicial dimension zero sheaves is a quasi-
fibration: The base Y is fibrant, and replacing f by a fibration will not change
the homotopy type of the sets of sections since X is also fibrant, cf.
It does not seem like there would be an identification of the “right fibre” for a
general morphism f : £ — B of sheaves. Therefore, although such a morphism is
a quasi-fibration, there is no obvious fibre: For any choice of a rational base point
x € E, ie. asection x € F(S) over the base scheme S, there is a corresponding
fibre sequence of sheaves of constant simplicial sets

fH(f(2)) = E— B.
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In general these fibres will vary wildly for different choices of the base point. This
is due to the fact that there is no higher homotopy in simplicial presheaves of
dimension zero. Such fibre sequences only become interesting when localizing A'.

In particular, any morphism f : X — B with B an abelian variety induces an
Allocal fibre sequence f~!(b) — X — B for any choice of base point b € B. An
example of such a morphism is the Albanese morphism X — Alb(X).

In the following, we will describe some morphisms of simplicial dimension zero
spaces where the variation of the fibre can be brought under control. Only for
such spaces there is a hope that we can obtain fibre sequences which also pass
to the Al-local model structure and yield interesting fibre sequences with higher
homotopy.

ExAMPLE 3.3.8 For simplicity we work over a field k. Any torsor under a torus
is locally trivial in the Zariski topology, therefore gives rise to a fibre sequence.
These fibre sequences are also Al-local fibre sequences.

Particularly interesting are the universal torsors of [CTS87]: For a smooth,
proper and geometrically connected variety X over k, whose geometric Picard
group Pic(X xj, k) is finitely generated and torsion free, the Néron-Severi torus
of X is the k-torus associated to the discrete Gal(k/k)-module Pic(X xj k). For
every torsor under a torus S over X, there is an associated morphism from the
character group to the geometric Picard group:

x(S) : § = Hom(S xj k, Gy, X1 k) — Pic(X).

This morphism is called its type, and a torsor under the Néron-Severi torus is
called universal if its type is an isomorphism. These torsors play an important role
in the arithmetic of rational varieties, cf. [CTS87].

These torsors induce fibre sequences, which are Al-local as we will see later.
One example of the situation is the fibre sequence with fibre a torus over a del
Pezzo surface of degree 5, whose total space is an open subset of the Grassmannian
G(3,5), as described in [SkoOT].

Another example of this type is the homogeneous coordinate ring for a toric
variety as defined in [Cox95]. This produces for any toric variety X a graded
ring R and an ideal I C R depending only on the fan A(X), such that the open
complement Y of the ideal I in Spec R has a torus action by the Néron-Severi
torus of X, making X the quotient of Y by this torus action. This generalizes
the G,,-covering A"*!\ {0} — P". The homogeneous coordinate ring of P" is
klxo,...,zy], and the ideal is (zg,...,z,). The open complement of this is exactly
A1\ {0} with the usual torus action. For more details see [Cox95].

For other examples of universal torsors, see [Sko(T]. O

EXAMPLE 3.3.9 Etale coverings are fibre sequences, if the inclusion of the fibre is
defined over the base.

Any finite étale Galois covering f : Y — X is a sharp map for the étale
topology: Indeed, one has

Y xx YV & ]_[ Y
o€Gal(Y/X)
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and therefore f is locally trivial in the étale topology. This is explained e.g. in
Remark 5.4 of Milne’s book on étale cohomology. We still need that there is a
morphism Gal(Y/X) — Y defined over the base scheme such that Gal(Y/X) =
p~!(x). This is the case for a morphism of varieties Y — X over a field k such
that Y has a k-rational point y € Y. The Gal(Y/X)-orbit of y consists of rational
points, and these are mapped to a rational point f(y) € X. Choosing these as
base points, we get a fibre sequence of simplicial presheaves Gal(Y/X) — Y — X.

Examples of the above are n-coverings of abelian varieties, as explained in
[SkoOI]. Let f : X — B be an n-covering of the abelian variety B, assuming
that n is coprime to the characteristic of k. Then f~1(0) is a torsor under the
finite group scheme B[n| of n-torsion points of B, and we have a fibre sequence
f10) - X — B.

The same statement holds for the K3-cover of an Enriques surface: Let Y be a
K3-surface with a rational point as base point. There is an involution, i.e. a Z/2-
action defined on Y. The quotient X of Y be the involution is an Enriques surface.
With the rational points as base points, we obtain a fibre sequence Z/2 — Y — X.

Of course these are rather arbitrary examples, one could give many more. [J

ExaMPLE 3.3.10 There are some general local triviality results for homogeneous
spaces. Let X be a principal homogeneous space over a base scheme S, i.e. X is
an S-scheme, G is S-group scheme which operators on X, and the corresponding
morphism G xg X — X xg X is an isomorphism. We assume that there exists
a geometric quotient Y for the G-action on X. In this situation we speak of a
principal fibre bundle with structure group G. It is called locally isotrivial if the
quotient morphism 7 : X — Y is locally trivial in the étale topology.

Grothendieck and Seshadri have proven that any principal fibre bundle with a
linear algebraic group as structure group is locally isotrivial, cf. [Grob9].

This applies to homogeneous spaces G/H, with G a linear algebraic group over
S and H a closed subgroup of GG defined over the base scheme. In this case there
is a natural choice of base point for G, H and G/H, namely the identity. For this
choice of base point, we obtain a fibre sequence

H— G — G/H.

It is not clear if this is always an A'-local fibre sequence for any homogeneous
space. We will investigate some cases in Contrary to the case of an
arbitrary morphism, the variation of the point-set fibre in such a locally trivial
morphism is rather restricted: For other choices of base points, the fibre is going
to be a torsor over the base scheme S under the group scheme H.

One example of the above is the universal covering of a general semisimple
group G: There is a fibre sequence

A—G— G,

where G is simply connected in the sense that any connected étale covering of G is
the identity, and A is a finite central S-subgroup of G. This is again an example
of a fibre sequence with fibre a finite group scheme.

Other examples where we do not need the étale topology for trivializations
are the general linear groups. Torsors under the general linear group are already
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locally trivial in the Zariski topology. One can give quite explicit trivializations
for fibre sequences like GL,, — GLy, 11 — P” or the universal GL,-bundle GL,, —
V., — Gry,. Such trivializations are given e.g. in [DI05], where they are used to
prove cellularity of the varieties involved in the above fibre sequences.

One could look at more general quotients constructions coming out of geometric
invariant theory. Most interesting would be the case of quotients which only exist
as algebraic spaces. An algebraic space can be seen as a sheaf of groupoids, and
therefore is not simplicial dimension zero any more. This implies that it is not
necessarily fibrant. It is probably fibrant if the usual stack conditions are satisfied,
see the homotopy theory of stacks. O

Ganea’s Theorem: There are some fibre sequences of simplicial sets which are
direct consequences of homotopy distributivity, which we can prove for simplicial
presheaves. These fibre sequences are all more or less consequences of Ganea’s
work. We start out with a theorem describing the homotopy fibre of the fold map.
The proof is essentially the one given in [Dro96, Appendix HL], which simply
applies homotopy distributivity to one of the simplest situations possible:

PROPOSITION 3.3.11 (GANEA’S THEOREM) Let T be a Grothendieck site, and X
be a simplicial presheaf onT'. The sequence XQX — XVX — X is a fibre sequence

in A°PShv(T).

PRroOOF: This is an instance of [Proposition 3.1.16| applied to the diagram:

X=—pt——X

100

X<:—X—:>X

We are taking the homotopy colimit of the diagram over the fixed base space X,
and the homotopy colimit of the upper line yields X V X. The map to X is the
fold map V : X VX — X. Then [Proposition 3.1.16] shows that the fibre is given
by the homotopy colimit of the diagram of fibres:

pt — QX — pt.

This is by definition XQ.X. |

ExAMPLE 3.3.12 A particular topological instance of the above is the fibre se-
quence
S? — CP>®V CP>™ — CP™.

A similar fibre sequence exists in A°? PShv(Smg) with any of the usual topologies.
This implies that there is a fibre sequence

»!G,, — BG,, vV BG,, — BG,,.

Then we can use the identification BG,, = P>*°. We will see later in
that this is indeed an A!-local fibre sequence.
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Using the van-Kampen theorem, this allows to determine the fundamental
group of the simplicial presheaf ¥!G,, as follows:

11 (Z1G ) = ker(V : Gy + Gypy — Giy).

In the above, G,,*G,, is the free product of the sheaf of groups G,, with itself. This
can be described by a point-wise free product. We need the van-Kampen theorem
to determine w1 (X VY) = m(X) * 71 (Y). The morphism V : G, * G,,, — Gy
induced by the fold map can be described on sections as follows: Any section of
(G xGy,)(U) is given by a word a1b - - - apb, of units of U, alternating between the
two copies of G,,. The morphism V takes this word to the product a1b1 - - - anb, €
G (U). That m1(X1G,,) is the kernel of the morphism V follows since BG,, is
the classifying space of G,-torsors and by [MV99, Proposition 4.1.16] we have

There are also other fibre sequences one can obtain: By considering similar
diagrams as in [Dro96, Appendix HL| we get the following fibration sequences in
any model category of simplicial sheaves.

PROPOSITION 3.3.13 Let T be a Grothendieck site, and X be a simplicial presheaf
on T. The sequence QXgx QX1 — XoV X1 — Xo x X1 is a fibre sequence in
A°PPSho(T).

ProoF: Apply Puppe’s theorem to the following diagram, the horizontal
lines are the pushout diagrams and the vertical lines are fibre sequences:

QXQX*<—QXOXQX1—>*XQX1

| | |

* X X3 * Xo x *

| | l

XQXX1<—XOXX1—>X0><X1.

ExXAMPLE 3.3.14 An instantiation of the above fibre sequence similar to the one
given in [Example 3.3.12] is the following fibre sequence in A°°? PShv(Smg):

G, * G,, — BG,, Vv BG,, — BG,, x BG,,.
This fibre sequence will also turn out to be an Al-local fibre sequence. O

The higher homotopy of a wedge sum can then be split following [Hat02, FEx-
ample 4.52], the proofs are actually the same:

PROPOSITION 3.3.15 There are split short exact sequences

0— 7Tn+1(QXO * QXl) — 7Tn(X0 V Xl) — 7Tn(X0 X Xl) — 0.
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PRrROOF: The sheaves of homotopy groups of a fibrant simplicial presheaf are com-
puted sectionwise. Therefore we have

wn(HXa) & EBﬂ'n(Xa).

Assume that the site T' has enough points. Then surjectivity of the morphism
f: 7Tn(X0 V Xl) — 7Tn(X0 X Xl)

can be checked on the points, where it is clear: The corresponding morphism of
groups is m, (p*(Xo) V p*(X1)) — mn(p*(Xo) x p*(X1)), which is surjective [Haf(2]
Example 4.52]. This implies that f is surjective, hence the long exact homotopy
sequence associated to the fibre sequence from Ganea’s theorem splits into the
short exact sequences described above.

The last statement follows since we have a concrete identification of the homo-
topy fibre of f, and the relative homotopy groups are defined to be the homotopy
groups of a homotopy fibre. |

There is a more general version of this, which uses a construction called the
thick wedge. Our treatment basically follows [Cha97].

DEFINITION 3.3.16 Let (X, X1,...,X,) be a finite family of pointed simplicial
presheaves. Denote by ii the following inclusion:

ikZXox---XXk_lX*XX]g+1X"'XXn(_> H Xla
0<i<n

which are the identity except at the k-th factor, where it is just inclusion of the
base point x — Xi. The thick wedge of the spaces Xo,...,X, s denoted by
W(Xo,...,X,) and is defined to be the union of the images of the iy.

There is an alternative inductive definition. Denote by V.= W (Xo,..., Xn-1).
Then define

W(Xo,....Xp)=colim ( [ Xi—V—oVxX,).
0<i<n-—1

Since the maps in this diagrams are cofibrations, this is also the homotopy colimit.

PROPOSITION 3.3.17 For any finite set Xo, ..., X, of simplicial presheaves on a
Grothendieck site T, the following is a fibre sequence in A°® PShv(T):

QXo**QXn—>W(XQ,,Xn)—>XQXXXn

Proo¥F: This is proven by induction, the case n = 1 being[Proposition 3.3.13] The
induction step applies Puppe’s theorem to the diagram

X, QX,, x (QXg # -+ * QX)) ——= QX % -+ % QX

| | |

Hoglgnil Xl W(XO,...,Xn_l) W(XO,...,Xn_l) X Xn

| | |

Hoglgn X Hoglgn X Hoglgn X,
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assuming that the case n — 1 fibre sequence has already been established:
QXQ Kooee *QXn—l — W(X07---7Xn—1) —>X0 X oo X Xn—l-

This in particular allows to prove the standard theorems about the James
construction and the homotopy fibre of X — QX X. We will not go into details
here, and hope the reader is convinced that one can construct quite interesting
fibre sequences using only homotopy distributivity.

As a final example, we reprove yet another theorem of Ganea [Gan65], which
had great applications in generalizing the EHP-sequence and defining Hopf invari-
ants. In [Sel96], Selick used a similar theorem to construct homotopy decomposi-
tions of H-spaces. It should by now be obvious, which diagram to apply Puppe’s
theorem to.

PROPOSITION 3.3.18 Let T be a Grothendieck site, and let be any fibre sequence
F — E — B of simplicial presheaves. Then there is another fibre sequence

F+QB— FEFUCF=FE/F — B.

3.4 Remarks on Cellular Inequalities

In this section, we want to discuss cellular inequalities. Although these cellular
inequalities are not directly related to fibre sequences, we will explain below that
some inequalities can be viewed as generalizations of fibre sequences. We are not
going to prove anything, only discuss how useful cellular inequalities are for sim-
plicial sets, and why it is more difficult to generalize them to simplicial presheaves.

As explained in [Dro96, Chapter 9], a cellular inequality is written X < Y
and means that Y can be built from X using (possibly infinitely many) pointed
homotopy colimits. There are then cellularization functors CW 4, which are dual
to localization, and which generalize the CW-approximation, cf. [Dro96, Chapter
2]. Many useful cellular inequalities are derived in [Cha97].

In some sense cellular inequalities can be viewed as a generalization of fibre
sequences. Consider the following cellular inequality known for simplicial sets
[Dro96, Corollary 9.A.10]:

For any cofibre sequence A — X — X /A, we have a cellular inequality

A < hofib(X — X/A).

Although we do not know what the homotopy fibre is, we can at least say that
there is a way of constructing it using only pointed homotopy colimits of the
space A. This implies that certain connectivity results or cohomological statements
concerning hofib(X — X/A) can be derived from the corresponding statements
about A: If two spaces are related via a cellular inequality Y < Z, then if Y is
n-connected, so is Z. Similarly, if the homology of Y vanishes below degree n, then
the same holds for Z. This is how we can get some information on the homotopy
fibre of X — X /A above.

More generally, there are cellular inequalities due to Chachdlski [Cha97)] cite
triad paper, which compare homotopy pushouts and homotopy pullbacks. With
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these cellular inequalities, it is possible to measure how far a given homotopy
pushout is from being a homotopy pullback. This generalizes the above inequality,
where the homotopy fibre is cellular over A.

There are lots of interesting applications of such inequalities. In his papers,
Chachélski derives as consequences the Blakers-Massey theorem on excision for
homotopy groups as well as a more precise version of the Freudenthal suspension
theorem

hofib(X — QXX) > QX % QX,

from which the usual connectivity of the morphism X — Q"¥" X can be derived.
Moreover, several results on vanishing of homology groups can also be proven using
this method.

As can be seen, this is also an inherently unstable technique. In the category
of spectra, homotopy pushouts are the same thing as homotopy pullbacks, and the
above results trivialize. However, cellular inequalities give a way to measure the
failures of standard stable results precisely in terms of explicit simplicial sets. A
standard example is excision, which is one of the Eilenberg-Steenrod axioms for
a cohomology theory. Excision does not hold unstably, but the Blakers-Massey
theorem [BMH51] states that in favourable circumstances, excision holds for the
homotopy groups in some range.

The reason why we are discussing such matters here, is that the proof of the
most interesting cellular inequalities uses almost exclusively homotopy distribu-
tivity and the canonical homotopy colimit decomposition for simplicial sets. The
only problem is that also one very special thing about simplicial sets is used: Any
simplicial set is a homotopy colimit of contractible simplicial sets. Although we
have seen in [Secfion 3.11 that homotopy distributivity and the canonical homotopy
colimit decomposition work for model categories of simplicial sheaves, we can not
directly generalize the proofs of the cellular inequalities, since simplicial presheaves
are not locally contractible in the above sense.

We nevertheless want to mention that there are already some attempts to gen-
eral cellularization for simplicial presheaves, and also for motivic homotopy theory.
The general construction of the cellularization functors and model structures on
cellular objects is due to Nofech [Nof99]. Some discussion of cellularization in the
context of Al-homotopy theory can be found in [DI05]. Some of their results can
be interpreted as cellular inequalities, like G,,, < GL, or G,, < X for X a toric
variety. Note however that the homotopy colimits for these cellular inequalities
are taken in the A'-local model structure. These need not coincide with the ho-
motopy colimits taken in the category of simplicial sheaves, as the example XG,,
illustrates. This only becomes weakly equivalent to P! after A'-localization.

Although we can not prove much about cellular inequalities at the moment, it
is still worthwhile thinking about applications such a theory could have. The most
important computational tools for motivic cohomology or K-theory come from ho-
motopy pushouts. One example of this is the localization sequence. Of course we
can not expect such exact sequences to exist for unstable Al-homotopy, since the
relevant homotopy pushouts will most certainly not be homotopy pullbacks. How-
ever, it would be interesting to know if it is possible to measure the unstable failure
of excision or the long exact localization sequence. These would all be instances
of a “motivic Blakers-Massey” theorem. The interesting homotopy pushouts to
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apply such theorems to would be the localization pushout [MV99, Theorem 3.2.21]
generalizing the sequence

0— jijF - F — i,i"F — 0

of sheaves of abelian groups on a scheme S with closed subscheme i : Z — S and
open complement j : U — S which gives rise to the usual localization sequences
and specialization morphisms. Other possible applications would be the blow-up
squares of [MV99, Proposition 3.2.29]. An obvious problem with such applica-
tions is that in the Blakers-Massey theorem as well as in the cellular inequalities
of Chachdlski, there are always connectivity assumptions. However, the typical
simplicial presheaf we would apply such theorems to is usually not connected, and
definitely not simply connected.

Still the cellular inequalities seem to be an interesting subject for further re-
search, providing a global approach to the unstable homotopy theory of simplicial
presheaves, and maybe also to unstable A'-homotopy theory.

3.5 Remarks on the Serre Spectral Sequence

A particularly important and helpful result in the theory of fibre sequences of
simplicial sets is the Serre spectral sequence. This sequence starts from the coho-
mology of the base “with coefficients in the fibre” and converges to the cohomology
of the total space of the fibration. In other words, for any fibration p : £ — B
with fibre F' and any generalized homology theory h,, there is a spectral sequence

EY? = Hy(B, he(F)) = hpiq(E).

There are two special cases, applying the above spectral sequence to an iden-
tity morphism and to a trivial fibration. The former special case is the Atiyah-
Hirzebruch spectral sequence

ED? = Hp(X, hg(x)) = hpiqe(X),

which computes the generalized homology h.(X) of a simplicial set X by starting
from the ordinary homology of X with coefficients in the graded abelian group
h«(x). The latter special case is the Kiinneth formula, which computes the homol-
ogy of a product of simplicial sets.

A conceptually clear way which lends itself to a generalization to fibrations
of simplicial presheaves is given in [(GI99, Section IV.5.1]. The key tools used in
this construction are homotopy distributivity and the canonical homotopy colimit
decomposition. Using these, it is possible to decompose the fibration p : £ — B
into a morphism of homotopy colimits. The base is decomposed into the homotopy
colimits of its category of simplices A | B, and the total space is decomposed into
the homotopy colimit of the fibres over these simplices, cf. The
same procedure has been used in [MS93] to construct a Serre spectral sequence for
homology of diagrams of simplicial sets, which then yields a Serre spectral sequence
for equivariant homology.

We give a short outline of how to construct a Serre spectral sequence for a
fibration of simplicial presheaves. Following [MS93], the key idea is to produce for
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a given fibration p : £ — B of fibrant simplicial presheaves corresponding topoi
computing the cohomology of F resp. B. This uses the canonical homotopy colimit
decomposition and homotopy distributivity. Then one applies the sheaf hyperco-
homology Cartan-Leray spectral sequence. The technical issues to be dealt with
include defining what cohomology of a simplicial presheaf with local coefficients is,
and how one can provide a multiplicative structure for such a spectral sequence.
We only review the necessary results from the literature.

Sheaf Hypercohomology: The definition of sheaf hypercohomology using a
Godement resolution is discussed in [Tho85, [Nis89]. The definition of sheaf hy-
percohomology as given in [Tho85, Definition 1.33] needs the existence of enough
points for the topos.

DEFINITION 3.5.1 (SHEAF HYPERCOHOMOLOGY) Let T' be a Grothendieck site
with enough points, and choose a conservative family I of points, which is small.
Then there is an endofunctor

G:Sh(T) - Shw(T) : X — HW*T(*X.
mel

The unit and counit of the adjunction induce the structure of a triple on G, cf.
[MM392, Section IV.4]. Therefore the iterates G™ of the functor G applied to a
sheaf X produce a cosimplicial object G*X in the topos. For a presheaf of fibrant
spectra F , this produces a cosimplicial presheaf of fibrant spectra G®*.%. The sheaf
hypercohomology of % is then defined to be

H*(T, #) = holim G* 7 (),

where * is the terminal object of the topos Shv(T).

There is a local-global spectral sequence which allows to compute sheaf hyper-
cohomology. We refer to [Tho85, Proposition 1.36] for more details.

PROPOSITION 3.5.2 (SHEAF HYPERCOHOMOLOGY SPECTRAL SEQUENCE) Let T
be a site with enough points, and let .F be a presheaf of fibrant spectra on T.
Then there is a hypercohomology spectral sequence

EY? = HP(T,7,.F) = m,—pH* (T, F).
The differentials in this spectral sequence are

. Pq p+r,q+r—1
dy : EPT — EF .

REMARK 3.5.3 (i) This is basically equivalent to computing the right derived
functor to the global sections SptShv(T) — Spt, where the category Spt is
a suitable model for the category of spectra. The same procedure works for
sheaves with values in any suitable stable model category.
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(ii) For the spectral sequence to be useful, it is better to have convergence asser-
tions. These depend on the cohomological dimension of the site. For all the
sites of interest to motivic cohomology such cohomological dimension asser-
tions are known. [Tho854, Corollaries 1.47, 1.48] as well as [Nis89Y, Theo-
rems 1.22, 2.22] provide the statements that the spectral sequences converge
strongly for noetherian schemes of finite Krull dimension with the Zariski or
Nisnevich topology. For the étale topology one has restrictions on the coho-
mological dimensions of the fields involved, see the discussion in [AGV73,
Ezxposé X].

The above formulae define sheaf hypercohomology for the final object of the
topos HY.(pt, .#) = H(T,.#). This definition can be extended to define hypercoho-
mology spectra HY.(X,.#) for any simplicial sheaf X with coefficients in a presheaf
of fibrant spectra .%. This can be found in [VoeO3, Appendix A].

Grothendieck-Leray Spectral Sequence: For any morphism of sites f : C —
D, there is a spectral sequence computing the cohomology of sheaves on C' using
the cohomology of sheaves on D and the right derived functor of f,. Thoma-
son’s version of this Grothendieck-Leray spectral sequence is the following [Tho85,
Theorem 1.56]:

THEOREM 3.5.4 (GROTHENDIECK-LERAY) Let f : C — D be a morphism of
Grothendieck sites, and assume that the corresponding topoi Shv(C') and Shv(D)
have enough points. Furthermore, let F be a fibrant presheaf of spectra on C, and
assume that there exists an N such that for allU € D, we have Hg(f*U, mqF) =0
forp> N.

Then the following map is a weak equivalence

H*(C,.Z) — H*(D,R* f.(F)).

Using the sheaf hypercohomology spectral sequence from [Proposition 3.5.9 we then
have a spectral sequence

EPY = HP(D, 7,R*f,(F)) = m,_,H*(C, F).

A similar result is also proved in a paper of Jardine [Jar89]. Note that the
cohomological boundedness assumption is satisfied for the Nisnevich sites over
schemes noetherian scheme of finite Krull dimension.

Twisted Coefficients: As remarked earlier the key idea is the reduce the Serre
spectral sequence for a fibration of simplicial presheaves to the above Grothendieck-
Leray spectral sequence. For simplicial sets, one introduces the category of sim-
plices A | B, and in [MS93] the same thing is done producing a category of sim-
plices fibred over the diagram category. As we are dealing with a sheaf situation,
we replace the simplicial presheaves by their sites of simplices.

DEFINITION 3.5.5 Let T be a Grothendieck site. For a given simplicial presheaf X
in A°° PShu(T), we define the site of simplices of X, which is denoted by (T'x A |
X). The underlying category is the canonical homotopy colimit decomposition,
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which is a Grothendieck construction for the category of simplices. Then we define
the Grothendieck topology on (T x A | X) by giving the following basis: To each
object U x A™ in (T x A | X) we associated the family of coverings

Krxax)(U x A") =

{{ﬂ:CQXZSm—elIsz@]{ﬂ1:U5—>U}€IQ{U)andﬂQZid:A"—»A"}

In a similar way, we define the edge-path site mp(X) of X, by only taking into
account the 0- and 1-simplices of each simplicial set X(U) with U € T.
We then have a diagram of Grothendieck sites

Vx

(T'x A | X) mr(X)
EN

There are two remarks we want to make. First, it may be that the site of
simplices does not have all finite limits, whence it is difficult to define the topology
by giving a basis, cf. [MM92, Definition I11.2.2]. There is however also a definition
working in the general case, using sieves. The second remark concerns size issues
again: We assume that T is a small site. By combinatoriality, any simplicial
presheaf on T is a-bounded for some suitably chosen cardinal «, and therefore we
can assume the site of simplices is also small.

Next, we need some results generalizing the steps in the paper of Moerdijk and
Svensson. The following proposition generalizes [MS93, Proposition 2.2].

PROPOSITION 3.5.6 For any Grothendieck site T, any fibrant simplicial presheaf
X on T, and any presheaf of fibrant spectra %, we have an isomorphism of
presheaves of fibrant spectra:

pxH7(X, 7) = Hip, ) x) (Pt pX F),

This proposition allows to identify the sheaf hypercohomology of an arbitrary
(but fibrant) simplicial presheaf with the sheaf hypercohomology of the final object
in a suitable topos, namely the topos of sheaves on the site of simplices of X. The
reason for this is the canonical homotopy colimit decomposition, which states that
the homotopy colimit of the diagram

(TxA|X)—APPSh(T): (0:Ux A" - X)— U x A"

is weakly equivalent to X again, cf. [Proposition 3.1.20} For a fibration f: X — Y
of fibrant simplicial presheaves, we then obtain a morphism of sites

(TxALf):(TxA]X)=(TxALY).

To this morphism we can then apply the Grothendieck-Leray spectral sequence.
With all the definitions of sites of simplices and the edge-path site in place, it
is possible to define what a local coefficient system should be:
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DEFINITION 3.5.7 A fibrant sheaf F of spectra on the site of simplices (T xA | X)
is called a local coefficient system if it factors through the edge path-site mp(X).
Similarly, % is said to be a constant local coefficient system if it factors through
the site T .

Note that local coefficient system in the above definition does not refer at all
to the topology of the site T'. Rather, all the sheaves that are pulled back from the
site T are constant local coefficient systems. It is rather related to the nontriviality
of the fundamental groupoid sheaf of the given simplicial presheaf X.

Having local coefficient systems, it is then possible to define cohomology of X
with local coefficients as the sheaf hypercohomology of the (terminal object of the)
site (T' x A | X), where the coefficient sheaf is a local coefficient system. It then
follows by the standard argument that a weak equivalence of fibrant simplicial
presheaves induces isomorphisms in cohomology also with local coefficients.

PROPOSITION 3.5.8 Let f: Y — X be a weak equivalence of simplicial presheaves.
Then for any local system F of presheaves of fibrant spectra on X, the map f
induces an isomorphism

HY(X,.7) 2 H:(Y, f*.7).

Then we define for a given fibration of fibrant simplicial presheaves a local
coefficient system, which is given by the cohomology of the fibres. This is again a
standard procedure.

DEFINITION 3.5.9 Let T be a Grothendieck site, and let f:Y — X be a fibration
of fibrant simplicial presheaves in A°° PShv(T). Furthermore, let F be a presheaf
of fibrant spectra on'Y . For an object o : U x A" — X of (T'x A | X), let o*(Y)
be the simplicial sheaf obtained by pulling back f along o:

!

o*(Y)———Y

|l

UXA"U—>X.

We then define the local coeflicient system on X associated to f as the presheaf
HY.(f, #) given by
o — Hy(o*(Y), o™ (F)).

LEMMA 3.5.10 The local coefficient system associated to a fibration of simplicial
sheaves defined in [Definition 3.5.9 is indeed a local coefficient system as defined in
[Definition 5.5.7

We give some short examples of local coefficient systems, which shows that
computing the Fs-term of the Serre spectral sequence to be constructed can be a
quite non-trivial question.

ExaMPLE 3.5.11 The simplest example is given by a fibration over a constant
simplicial sheaf, e.g. the constant simplicial sheaf associated to an abelian variety
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A/k on the Nisnevich site Smy, for a field k. As remarked in Secfion 2.3 such a
simplicial sheaf is fibrant and therefore homotopy discrete.

Thus the site of simplices as well as the edge-path site are equal to the site of
points of the abelian variety, whose objects are morphisms f : U — A with U a
smooth scheme over k. The topology is given by the Nisnevich topology on Sm4.

Any étale locally trivial morphism g : X — A produces a locally constant sheaf

U — Hi (X x4 U,Z),

which is the local coefficient system associated to the fibration § : X — A. Here
g is a fibrant replacement of g. The Fs-term of the spectral sequence is then the
cohomology of a locally constant sheaf on the abelian variety A. For étale locally
constant, such an object is basically a representation of the étale fundamental
group of A. O

EXAMPLE 3.5.12 As another example of how complicated it can be to deter-
mine cohomology with local coefficients, we consider A!'-local models of Chevalley
groups. As we will see in the Al-fundamental groupoid of the Cheval-
ley groups with root system @ is given by the corresponding unstable Karoubi-
Villamayor K-groups KV;(®,—) resp. KV,(®,—). Moreover, the crossed module
structure relating K7 and KV, can also be rather non-trivial.

Now a local coefficient system on a Chevalley group G(®) is then basically
given by a representation of the 1-type crossed module of G(®), whose homotopy
groups are KV;(®, —) resp. KV5(®,—). We therefore see that the edge-path site of
a fibrant A'-local model of the Chevalley group G(®) contains much information
about the arithmetic of the base scheme, as it describes the lower unstable K-
groups. It is not clear, how many non-constant local coefficient systems actually
exist, and what the twisted cohomology of the Chevalley groups looks like. U

ExaMPLE 3.5.13 Finally, we want to recall that the universal torsors resp. the
Cox rings, cf. [Example 3.3.8 also yield examples of coverings and therefore of
local coefficient systems of simplicial presheaves. Let 2" be a simplicial presheaf
which is a fibrant and A'-local model for a toric variety Xa. Then there is a torus
bundle over XA with fibre a torus 7', whose total space is A" \ Z for some closed
subscheme Z C A™.

The above covering is an A!-covering which makes the torus T a part of the Al-
fundamental group of Xa. In particular, the edge-path site of 2~ factors through
the morphism of sites Smyn\; — Smx, given by (f : U — A"\ Z) 7o f with
m: A"\ Z — Xa. Therefore, any sheaf .% over A™\ Z gives rise to a local coefficient
system of XA by pulling back .# to mp(X). In particular, a general sheaf .# on
A™\ Z does not come from a sheaf on X, which provides many non-constant local
coefficient systems. O

Motivic Cohomology with Local Coefficients: What we have used above
were general sheaves of fibrant spectra on the edge-path sites of a given simplicial
presheaf. If we now want to define what motivic cohomology with local coefficients
should be, we have to restrict the coefficient systems: Motivic cohomology is not
the Nisnevich cohomology of a sheaf of abelian groups, but rather is itself Nisnevich
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hypercohomology with coefficients in some complex or spectrum usually abusively
denoted by Z(n).

These sheaves of fibrant spectra are defined on the site Smy, of smooth varieties
over a field k, cf. [MVWO06], and therefore, we get fibrant sheaves of spectra on
the sites (Smg XA | X) for any fibrant simplicial presheaf X on Smy by pulling
back Z(n) along the morphism of sites (Smy xA | X) — Smy. This yields a
constant coefficient system, which computes the motivic cohomology of X, cf.
[Proposition 5.5.0}

Then we consider the stable model category of sheaves of spectra over the site
(Smy xA | X) resp. over the edge-path site mgm, (X). We want some highly
structured model of this situation, as discussed in [OR06] resp. the full version of
this paper. Note that again there are some technical issues in setting this up. Once
we have such a highly structured model for the sheaves of spectra on mgn, (X), we
can also talk about modules over the sheaf of ring spectra p*Z(n), where p is
the morphism of sites mgm, (X) — Smg. We claim that the right definition of
local coefficient system for motivic cohomology is the pullback to (Smy xA | X)
of a module over p*Z(n) on mgm, (X). Motivic cohomology with local coefficient
systems can then be computed via the local-global spectral sequence for sheaf
hypercohomology on (Smy xA | X), cf. [Proposition 3.5.2} Note that both the
motive of a variety over k as well as the K-theory sheaves are modules over motivic
cohomology, and therefore yield examples of motivic cohomology of the field k
“with coeflicients”.

The Local-Global Serre Spectral Sequence: Assuming the results from the
previous paragraphs which we did not actually prove, it is possible to obtain the fol-
lowing version of the Serre spectral sequence for a fibration of simplicial presheaves
using almost the same proof as [MS93, Theorem 3.2].

THEOREM 3.5.14 For any fibration p : E — B of simplicial sheaves on the site T,
and any presheaf F of fibrant spectra on T, there is a natural spectral sequence

Equ - ng(Bﬂ?qu}(f, 9)) = WQ_PH%(E7y)'

The argument runs something like this: We start with a fibration f: X — Y
of fibrant simplicial presheaves, from which we construct a morphism of sites

(TxALf):(TxA|X)=(TxA]lY).

Homotopy distributivity and the corresponding decomposition of fibrations, cf.
[LCemma 3122 implies that the local coefficient system on (7' x A | Y') defined in
[Definition 3.5.9 really computes the cohomology of the total space, since the total
space is the homotopy colimit of the fibres, indexed by the canonical homotopy
colimit decomposition of the base space. Then we apply the Grothendieck-Leray
spectral sequence from [Theorem 3.5.4] to the above morphism of sites. All we
need to prove is that the coefficient system H®(f,.#) on (T x A | Y) defined in
Defintfion 3.5 is the same as the coefficient system R® f,(:#). This can be proven
along the same lines of the proof of [MS93, Theorem 3.2].

One of the special cases of the above spectral sequence are the descent spectral
sequences for algebraic K-theory, cf. [Tho85, [Nis89].




84 CHAPTER 3. HOMOTOPY COLIMITS AND FIBRATIONS

It would be interesting to know if it is possible to prove some motivic version
of the Whitehead theorem stating that any morphism of motivic spaces is a weak
equivalence if and only if it induces an isomorphism on the fundamental groupoid
and isomorphisms on ordinary cohomology with twisted coefficients. For diagrams
of simplicial sets, such a statement has been obtained in [MS95]. A similar version
for simplicial presheaves seems therefore plausible, but the Al-localization process
needed to obtain motivic spaces really poses serious difficulties.

Multiplicative Structures: The multiplicative structure on the Serre spectral
sequence is a very useful thing for determining the ring structure e.g. of the coho-
mology of the Grassmannians. To obtain a multiplicative structure on the Serre
spectral sequence for a fibration of simplicial presheaves, there are two technicali-
ties to surmount.

On the one hand, one has to show that the presheaf of fibrant spectra used
to define the hypercohomology already has a multiplicative structure. For motivic
cohomology, this is done in [MVW06, Construction 3.9]. For K-theory, a construc-
tion of a multiplicative structure can be found e.g. in [Jar97]. A general discussion
of product structures in hypercohomology can be found in [ES02, Appendix A].

On the other hand, the proof of the multiplicative structure on the Serre spec-
tral sequence in [MS93] uses that there is a monoidal model structure on the cate-
gory of diagrams of chain complexes of abelian groups. To generalize this proof to
the setting of hypercohomology of presheaves of fibrant spectra, one would need
a monoidal model structure on the category of presheaves of spectra. This is also
a rather nontrivial technicality, since the usual injective model structure on the
category of chain complexes on a site is not monoidal. One either has to use a
version of the flat model structure as developed in the papers [Hov0Tal, [Gil06] or a
highly structured model for the category of sheaves of spectra as e.g. in [DR0G].
The latter work also allows to talk about modules over motivic cohomology, which
we need to say what motivic cohomology with local coefficients is. Mastering the
technicalities of such highly structured models for stable motivic homotopy is yet
another complication in a complete proof of the Serre spectral sequence.

Motivic Serre Spectral Sequence: One particular case of interest is the local-
global type Serre spectral sequence we obtain by plugging in the presheaf of fibrant
spectra corresponding to the motivic complexes Z(n), cf. [MVW06]. However, the
FEo-term is only ordinary sheaf cohomology of the base with coefficients in the
motivic cohomology groups of the fibre. It does not seem possible to get a Serre
spectral sequence starting with motivic cohomology of the base with coefficients
in the motivic cohomology of the fibres and converging to the motivic cohomology
of the total space.

The reason is that two special cases of such a Serre spectral sequence would be
an Atiyah-Hirzebruch spectral sequence for any “generalized motivic cohomology
theory”, as well as a Kiinneth formula for Chow groups. These consequences
however can only be obtained under cellularity assumptions:

One can only hope for an Atiyah-Hirzebruch spectral sequence for a generalized
motivic cohomology theory if this cohomology theory is cellular over the motivic
complexes Z(n). This is the case for algebraic K-theory and algebraic cobordism
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[DI05, Theorem 6.2, Theorem 6.4]. Atiyah-Hirzebruch type spectral sequences have
been obtained for K-theory by [FS02] and for algebraic cobordism in unpublished
work of Hopkins and Morel.

On the other hand, a Kiinneth theorem for motivic cohomology can also only
hold for schemes that are cellular in the sense of [DI05]. Under linearity assump-
tions, a Kiinneth spectral sequence has been obtained for Chow groups and alge-
braic K-theory in [Jos(01], and under cellularity assumptions in [DI05, Theorem
8.6]. Maybe there exist spectral sequences for other cellular types of schemes, but
these are then not spectral sequences in the category of modules over the motivic
cohomology of the base scheme.

Since already the special cases of the Serre spectral sequence do only work in
restricted settings, there is no hope for such a spectral sequence to work in general.
The only form of the Serre spectral sequence that works in general settings is the
local-global type sketched above.



86

CHAPTER 3. HOMOTOPY COLIMITS AND FIBRATIONS



Chapter 4

Fibrewise Localization

Whereas in previous chapters we have almost exclusively considered model cat-
egories of simplicial presheaves, we will now also consider localizations of such.
Since the Bousfield localization is as complicated as the fibrant replacement, it is
quite difficult to extract any geometric information from the local model struc-
tures. It is therefore necessary to develop tools to keep track of such information
in the localization process.

One particular possibility to do so is the construction of fibrewise localizations
for model categories of presheaves. From such fibrewise localizations it is possible
to give precise criteria whether a given fibre sequence is local with respect to a
given map f : W — . The main application we have in mind is the A'-local
model structure on A°®? PShv(Smg) and fibre sequences in this model structure.
Some results in this direction were already obtained by Morel [Mor(O6b] over base
fields. We want to note however that our characterization results is sharp and
applies to motivic homotopy theory over any base scheme.

Recall that our main techniques in were based on the fact that
fibre sequences and homotopy pullbacks are something local: It is possible to
check if F — E — B is a fibre sequence by looking at the points of the topos
Shv(T). We will see in this chapter, that the situation for homotopy pullbacks
in an f-localization of the model structure on A°®? PShv(T') is rather different.
For a general localization functors, even localizations with respect to a general
map f : A — B, the problem of determining local fibre sequences seems rather
intractable. Already in the easiest case of a localization with respect to a null-
homotopic map f : A — B, there exist global objects which provide obstructions
to a fibre sequence being a local fibre sequence. This is the main result of this
chapter, formulated in [Cheorem 4.3.T01 However, the existence of fibrewise local-
ization which is needed for this theorem depends on homotopy distributivity of the
underlying model category.

We will start this chapter by recalling the notion of localization functors and
general definitions concerning Bousfield localization in Following this,
we will describe the three possible ways of doing fibrewise localization in model
categories of simplicial presheaves in The existence of fibrewise lo-
calizations implies a characterization of local fibre sequences, which we will prove
in Some applications of this characterization result to A'-homotopy
theory are given in

87
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We note that all of the results proved in this chapter are known to hold for
simplicial sets. We see again that most of the powerful localization theory can
be generalized to the setting of simplicial presheaves, once we know the key fact
homotopy distributivity.

4.1 Localization Functors for Simplicial Presheaves

This section collects elementary facts concerning localizations and nullifications of
simplicial presheaves. These facts are well-known for simplicial sets resp. topo-
logical spaces and proofs mostly carry over directly. The only hard work is the
theorem on existence, universality and continuity of localization functors which
was established in [G.J98)].

There are two approaches to localizations in the literature for simplicial sets:
On the one hand, the whole book [Dro96] does not require a single word on model
categories, and defines localizations as certain homotopy-universal coaugmented
functors. On the other hand, starting from a proper, simplicial, cofibrantly gen-
erated model structure on the category C, it is possible to define a new model
structure by keeping the cofibrations, and defining a new class of local weak equiv-
alences. The relation between the two approaches is easily described: The proof
of existence of localization functors in [Dro96] is the same as the small object ar-
gument proving that Quillen’s axioms hold for the local model structure. On the
other hand, assuming known the existence of this model structure, the localization
functor is basically the fibrant replacement in the local model structure.

First, we shortly repeat some of the basic notions for Bousfield localization,
then we repeat the definitions for localization functors as well as some basic facts
on localization functors.

Bousfield Localization: We repeat the standard definitions of local objects and
local weak equivalences. These definitions can be found in [Dro96l [Hir03] for the
case of simplicial sets, and in [MV99] for the case of simplicial presheaves.

Let C be a model category, and let f : A — B be a morphism of cofibrant
objects.

DEFINITION 4.1.1 (LocAL OBJECTS, WEAK EQUIVALENCES) An object X € C
s called f-local if X is fibrant and the following morphism is a weak equivalence:

Hom(B, X) — Hom(A4, X).

A morphism g : X — Y € C is called an f-local weak equivalence if for any
f-local object Z, the following morphism is a weak equivalence:

Hom(Y,Z) — Hom(X, Z).

Of course, one can consider more general localizations, i.e. localizations with
respect to a set of maps as in [MV99, Section 2.2], or homology localization as in
[GJ98), Section 3]. If f is null-homotopic such a localization is also called nullifi-
cation, and we also write Lyy. The most important applications we have in mind
are the Al-nullification functors L1 on A°P PShv(Smyg).
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Localization Functors: This paragraph repeats the theorem on existence and
universality of localization functors for simplicial presheaves. Most of the elemen-
tary facts in this section are easy consequences of this theorem, which is proved in
[MV99, Theorem 2.2.5] and in similar form in [G.J98, Theorem 4.4].

We start recalling the definition of localization functor in a general model cat-

egory.

DEFINITION 4.1.2 A functor F' : C — C is called coaugmented if there is a natural
transformation j :ide — F. A coaugmented functor F' is called idempotent if the
two natural maps jrx,Fjx : FX = FFX are weak equivalences and homotopic
to each other. The coaugmentation map jx s homotopy universal with respect to
maps into local spaces if any map X — T into a local space T factors uniquely
(up to homotopy) through jx : X — FX. The functor F is called simplicial if it
18 compatible with the simplicial structure, i.e. if there exist functorial morphisms
0: (FX)®@ K — F(X ®K) for any object X € C and any simplicial set K. These
morphisms have to satisfy some rather obvious conditions described in [Dro96,
Definition 1.C.8]. The functor F' is called continuous if it induces a morphism on
inner function spaces

Hom(X,Y) — Hom(FX, FY),
which is compatible with composition.

We recall the existence of localizations for simplicial presheaf categories from
[G.J98, Theorem 4.4], which is the proper generalization of [Dro96, Theorem A.3].
The existence of the f-local model structure is proven in [G.J98, Theorem 4.8].
Note that the existence of localizations for simplicial presheaves is a global result,
in the sense that it does not simply follow from the existence of localizations of
simplicial sets by looking at the points of the topos.

THEOREM 4.1.3 Let f : A — B be any cofibration in A°® PShv(T') and suppose
« is an infinite cardinal which is an upper bound for the cardinalities of both B
and the set of morphisms of T'. Then there ewists a functor Ly, called the f-
localization functor, which is coaugmented and homotopically idempotent. Any two
such functors are naturally weakly equivalent to each other. The map X — Ly X
is a homotopically universal map to f-local spaces. Moreover, Ly can be chosen to
be simplicial and continuous.

There is a simplicial model structure on A°°? PShv(T) where the cofibrations are
monomorphisms, weak equivalences are f-local weak equivalences and fibrations are
defined via the right lifting property.

REMARK 4.1.4 (PROPERNESS) In [Hir(3, Chapter 3], Bousfield localizations of
general model categories are investigated. As shown in [Hir(l3, Proposition 3.4.4
and Theorem 4.1.1], left Bousfield localizations preserve left properness, i.e. the
left Bousfield localization of a left proper model category is again left proper.

The f-local model structure for a morphism f : A — B is not in general right
proper. It is known [lar(0, Theorem A.5], that the f-local model structure is proper
if f is of the form x — I. A special case of this is the properness of the homotopy
theory of a site with interval, which is proved in [MV99, Theorem 2.2.7 and Section
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2.3]. Note however that in the formulation of the theorem left and right properness
have to be interchanged. We will see at the end of [Section .3 that properness
only occurs for null-homotopic morphisms.

REMARK 4.1.5 (INTERNAL HOM) As the internal mapping spaces play a funda-
mental role in the description of localizations, we recall some details and the dif-
ference between pointed and unpointed mapping spaces.

The usual cartesian closed structure on Shv(T) consists of an adjunction be-
tween the product of simplicial presheaves, and the internal hom. That the product
preserves cofibrations and trivial cofibrations is clear, since cofibrations are just
monomorphisms. The weak equivalences can be checked at the points, and there-
fore the fact that the product of simplicial sets preserves trivial cofibrations implies
the same fact for simplicial presheaves. The total derived functor theorem 2113
therefore implies the existence of a Quillen adjunction, whose right derived part
RHom is the internal mapping space of simplicial presheaves. For cofibrant X and
fibrant Y, it can be defined as Hom(X x A®)Y), and its global sections yield the
simplicial set mapping space belonging to the simplicial structure on A°° PShv(T).

We want to note that the definition of (based) loop space in a pointed simpli-
ctal model category as given before[Definition 2.1.4 implies the characterization as
QX = RHom, (5!, X).

There are versions of internal mapping spaces for both unpointed and pointed
categories, and their relation is given by the following is a fibration sequence:

Hom,(X,Y) - Hom(X,Y) — Y.

For simplicial presheaves X andY on a site T' with enough points, this can be easily
proven using the above fibre sequence for simplicial sets [Dro96, Definition 1.A.1],
the fact that the internal mapping spaces at the points are given by the simplicial set
mapping spaces, and then putting everything together using[Proposition 3.3. 1 This
implies that if we use the pointed mapping spaces in the definition of localization,
only the connected component of the chosen base point will be localized, the others
remain unchanged. This is one reason for connectivity restrictions on fibrewise

localizations using pointed functors in[Section 4.3

Elementary facts concerning f-local spaces and L;: There is a collection
of elementary facts concerning localization functors in [Dro96]. These also hold
for localization functors on categories of simplicial presheaves. We will neither
state nor prove all of them, we only discuss those that are directly relevant to fibre
sequences.

PROPOSITION 4.1.6 Any homotopy limit of f-local simplicial presheaves is again
f-local. In particular, we have the following conclusions:

(i) The homotopy fibre of a morphism of f-local simplicial presheaves is f-local.

(i) The product of any family of f-local simplicial presheaves is f-local. The
morphism
Lf(X X Y) — LfX X LfY

1s a homotopy equivalence.
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(iii) For f-local Y and cofibrant X, the simplicial presheaves Hom(X,Y) and
Hom, (X,Y) are f-local. Therefore, the loop spaces QY are f-local for f-
local Y.

PrOOF: Let T be a Grothendieck site, and let Z be a small category. Furthermore,
let X :Z — A°PPShv(T) be a diagram of f-local simplicial presheaves. We want
to show that

Hom( f, ho%im X): Hom(B,ho%im X) — Hom(A,ho%im X)

is a weak equivalence. By [Proposition 3.1.5] this map is the same as the map
holim7z Hom( f, X). By assumption, the map

Hom(f, X(i)) : Hom(B, X (i)) — Hom(A, X (7))

is a weak equivalence for any ¢ € Z. By [Proposition 3.1.4] this implies that
holim7 Hom( f, X) is a weak equivalence as well.

(i) and (ii) are then clear by applying the above to the relevant diagrams, and
the homotopy equivalence L¢(X xY) — Ly X x LY follows from universality and
adjointness, cf. [Dro96l Section 1.G].

For (iii), we have by adjointness and locality of ¥ the weak equivalences:

Hom(A,Hom(X,Y)) ~ Hom(X,Hom(A,Y))
~ Hom(X, Hom(B,Y))
~ Hom(B,Hom(X,Y)).

The statement on loop spaces follows from this using [Remark 4.1.5) |

Interaction of Localization and Homotopy Colimits:

ProPosITION 4.1.7 ([DR096], PROPOSITION 1.D.2) Let T be a site, let T be a
small category and let f: A — B be a morphism of cofibrant spaces. Furthermore,
let g : X — Y be an Z-diagram of cofibrant objects of simplicial presheaves in
A°PPSho(T). Assume that for any i € I the morphism g(i) : X (i) — V(i) is an
L ¢-equivalence. Then

hocolim g : hocolim X — hocolim Y
A A A

is also an Ly-equivalence for both pointed and unpointed homotopy colimits.

Proor: Using [MV99l Proposition 2.2.9], it suffices to show for any f-local object
Z that

Hom(hocglim 9, 7) : Hom(hocglim X, Z)— Hom(hocglim V,7Z)

is a weak equivalence. Using [Proposition 3.1.5] it suffices to show that the mor-
phism holimy Hom(g, Z) is a weak equivalence. By assumptions the objects
Hom(X (i), Z) resp. Hom()(i), Z) are fibrant and Hom(g(i), Z) is a weak equiv-
alence for any ¢ € Z. Therefore, using [Proposition 3.1.4, we conclude that the
morphism holim7y Hom(g, Z) is a weak equivalence. |
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Applying the above to the diagram of augmentation maps g : X — L;X, we
obtain that
Lf(hOC(I)hm g): Ly hocglim/l’ — Ly hOC(I)lim L;x

is a weak equivalence, generalizing [Dro96, Theorem D.3]. In particular we get
Li(XVY) ~ L¢(LyX V LsY). Note that a homotopy colimit of local spaces
need not be local again, which is one difficulty in establishing e.g. an A'-local
van-Kampen theorem. Note also that the interaction of homotopy limits and
localizations is not as easy as the homotopy colimit case. Although we have seen
in [Proposition 4.1.6] that the homotopy fibre of a morphism of local spaces is local,
it is not the case that the homotopy fibre of the localization of a morphism g is the
localization of the homotopy fibre of g. The rest of this whole chapter is devoted to
studying under which circumstances a homotopy pullback diagram in A°°? PShv(T)
is a homotopy pullback diagram in a localization of A°? PShv(T).

4.2 Fibrewise Localization for Simplicial Presheaves

In this section, we prove the existence of fibrewise versions of simplicial coaug-
mented functors in categories of simplicial presheaves. For a treatment of fibrewise
localization for simplicial sets resp. topological spaces, see [Dro96l Section 1.F]| and
[Hir(03, Chapter 6].

Fibrewise Localization: The main motivation for studying fibrewise localiza-
tion is a gain of control on the behaviour of a fibration under a localization functor.
For a locally trivial morphism f : E — B of topological spaces with fibre F', one
can explain quite easily how to construct the fibrewise localization: Take a trivi-
alization of f, i.e. a covering U; of X over which fly, : E xpU; 2 U; x F — Uj.
Then apply the simplicial coaugmented functor: On the level of the trivialization
one simply replaces the space F' by the space LF. On the level of transition mor-
phisms, one applies the functor L to the transition map. For this to work we need
the functor L to be continuous. This produces an explicit recipe to construct an
LF-bundle over B.

In this paragraph, we will formulate the above construction for general model
categories of simplicial presheaves. The key to all the constructions described
below will again be homotopy distributivity.

DEFINITION 4.2.1 Let L be a simplicial coaugmented functor on A°°Shv(T). We
say that L can be applied fibrewise resp. that there is a fibrewise version of L,
if every fibre sequence of simplicial presheaves FF — E — B can be mapped via a
homotopy commutative diagram

L

to a fibre sequence with fibre LE over B.

In the more specific case of localization functors, the morphism on total spaces
should of course be a local weak equivalence.
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DEFINITION 4.2.2 (FIBREWISE LOCALIZATION) Let Ly be a localization functor.
Then we say that Ly admits a fibrewise version, if there exists a homotopy com-
mutative diagram as in[Definition 4.2.1, where the morphism E — E is an f-local
weak equivalence.

REMARK 4.2.3 There is a difference between the above notion of fibrewise localiza-
tion and the one used in [Dro96l]. Whereas Dror Farjoun requires a concrete model
for the fibrewise localization, the morphism E — B being a fibration with fibre LF,
we only require the existence of a fibre sequence. This is weaker, in that LEF need
not actually be the fibre of a fibrant replacement of E — B. For the homotopy
groups this is not essential.

We want to note that pointed and unpointed simplicial sets behave rather
differently with respect to fibrewise localization. For unpointed simplicial sets,
one can construct fibrewise localizations in various different ways, whereas for
pointed simplicial sets, one always has to make special connectivity assumptions
on the base resp. the fibre. This can be explained in two ways: First, there is
no continuous choice of base point in a nontrivial fibre sequence F — E L, B.
Any such choice would yield a section s : B — E of p. By the Dold theorem
[Dol63], this implies that the fibre sequence is trivial, cf. [Proposition 4.3.13] The
other way to see this difference is to note that the crucial step in the construction
of fibrewise localization in [Dro96l Theorem 1.F.3] is a decomposition of the base
B as an unpointed homotopy colimit of contractible spaces. This would not be
possible with pointed homotopy colimits, because a pointed homotopy colimit of
contractible spaces is again contractible.

This difference between the unpointed and the pointed setting is also illustrated
by the following example [Hir(3, Proposition 6.1.4]. See also the discussion in
[Dro96, Remark 1.A.7].

EXAMPLE 4.2.4 Let f : S2 — D3 be the inclusion in the category of pointed
topological spaces. The fibration mopsy : S2xR — R — S', where 7 : R — S is the
universal covering, does not have a fibrewise f-localization. The reason is that the
fundamental group of S' would act transitively via unpointed weak equivalences
on the fibres of such a localization. This is impossible since the fibrewise pointed
localization would have Z-many components of which the base-point component is
contractible and the others are still weakly equivalent to S2. U

The problem in the above example is that the pointed localization functor
does not localize all the components of the fibre [[ S?. Therefore when dealing
with a pointed localization functor, we usually have to restrict to fibre sequences
F — E — B where the base B is simply connected, resp. 2B is path-connected,
cf. Definition 2.3.61 On the other hand, fibrewise localizations exist without any
provisos for unpointed spaces. If an underlying unpointed category exists, we can
apply the unpointed localization functor, which will yield the right homotopy types
for connected spaces. However, this unpointed functor fails to satisfy the homotopy
universality for the pointed category.

In [Dro96], several constructions of fibrewise localization are given. We will
show that all of them also work in the category of simplicial presheaves on any
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Grothendieck site 7. The key input in all of these methods is again the homo-
topy distributivity from Our results will be formulated in the pointed
category, since fibre sequences are only defined for pointed model categories, cf.
[Definttion 2.1.91 We will however use the unpointed localization functor, so that
we can avoid connectivity assumptions on the base.

There are three methods for doing fibrewise localization described in [Dro96].
One proceeds via classifying spaces, one via the canonical homotopy colimit de-
composition for a fibration discussed in [Cemma 3.1.22] and the last one via a
modification of the change-of-fibre morphism from [Proposition 3.2.1§] Only the
last one has been generalized to model categories by [CS06], but we will see that
the other methods work as well, at least for simplicial presheaves.

Fibrewise Nullification after Chataur and Scherer: One of the versions
of fibrewise localization [Dro96, Proposition 1.F.7] has been extended to general
model categories by Chataur and Scherer [CS06]. The advantage of this construc-
tion is that it works even for functors which are not simplicial resp. continuous. On
the other hand, this approach works for pointed spaces only under the assumption
that the fibre is connected.

There are some axioms that are discussed and used in [CS06]. We remark that
the cube axiom used in that paper is the same thing as Mather’s cube theorem
BITH and the ladder axiom is a form of homotopy distributivity applied to se-
quential colimit diagrams saying that sequential homotopy colimits commute with
homotopy pullbacks. From our discussion in we know that both axioms
are satisfied in any model category of simplicial presheaves.

In [CS06, Definition 3.6], Chataur and Scherer also introduce the following join
axiom:

DEFINITION 4.2.5 (JOIN AXIOM) A model category M satisfies the join axiom
for the nullification functor Ly if the join of W with the cofibre of any generating
cofibration is weakly W -contractible.

PROPOSITION 4.2.6 Let T be a site. Then A°°? PShv(T) satisfies the join axiom
for any nullification functor Ly.

PROOF: We first note that the localization functors commute with finite products
as remarked in the proof of [MV99, Lemma 2.2.32|, cf. [Proposition 4.1.6] Therefore
X xW — X is an f-local weak equivalence for any X. By left properness of the f-
local model structure, cf. [Theorem 4.1.3] the homotopy pushout of the f-local weak
equivalence X x W — W along X x W — W will be an f-local weak equivalence
again. Since W is weakly W-contractible, then so is X x W. |

It is easy to see that the above proposition would hold in any left proper model
category such that the localization preserves products. Moreover, we have proved
in [Proposition 4.1.6] that any localization functor commutes with products in a
model category of simplicial presheaves, as a consequence of distributivity.

Now we can state the fibrewise localization result of Chataur and Scherer.

THEOREM 4.2.7 ([CS06], THEOREM 4.3) Let M be a model category which is
pointed, left proper, cellular and in which the cube, join and the ladder axiom holds.
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Let Ly : M — M be a localization functor, p: F' — E — B be a fibre sequence in
M, and assume that Q2B is path-connected in the sense of [Definition 2.3.6
Then there exists a fibrewise f-localization of p.

As discussed above, the conditions for the theorem hold for any nullification
functor on A°°? PShv(Smg), and in particular for Al-nullification.

COROLLARY 4.2.8 For any fibre sequence p : F — E — B of pointed simplicial
presheaves in A°® PShv(Smg) with QB path-connected, there exists a fibrewise A'-
localization of p.

REMARK 4.2.9 The cellularity assumption above is not necessary, it also works
for the injective model structure, since we have good control on the codomains of
the generating cofibrations and generating trivial cofibrations, cf. [Remark 2.1.20.

Note that the result of Chataur and Scherer needs the connectivity restriction
on 2B to work for general pointed model categories. We can get rid of this restric-
tion if there is an unpointed model category underlying M, as well as an unpointed
version of the localization functor Ly. Note however, that applying the unpointed
localization functor will localize all the components of the fibre of a given fibra-
tion. The next proposition shows how modify the proof from [CS06, [Dro96] for
unpointed model categories, without any assumption about 2B. Although we are
working in an unpointed setting, we will speak of fibre sequences. What we mean
is that F' is a homotopy fibre of p : E — B over a fixed base point b € B, i.e. the
obvious diagram is a homotopy pullback. This makes sense even in an unpointed
setting.

PROPOSITION 4.2.10 Let T' be a Grothendieck site, and let Ly : A°° PShv(T') —
A°PPShu(T) be a localization functor. For any fibration p : E — B and any

base point b € B there exists a fibrewise f-localization of the homotopy pullback
pil(b) — F — B.

PROOF: Let F — E -2 B be a fibre sequence, assuming that p is a fibration of
fibrant simplicial presheaves on T, and that F' = p~!(b) for a chosen base point
be B.

(1) We construct a new fibre sequence. This argument is similar to what we have
done in [Proposition 3.2.1§ and the same as [CS06, Proposition 4.1]. We assume
without loss of generality that the augmentation map F' — L¢F' is a cofibration.
Then we construct the following diagram:

F———~L;F 2
E —zf> EFup LfF - FE;
pl lq lpl
B = B = B.

The left column is the original fibre sequence. The space in the centre is constructed
as the pushout of ' — E along the augmentation F' — L;F. We have assumed
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that this is a cofibration, and therefore the centre space is also a homotopy pushout.
The map ¢ comes from the universal property of the pushout. Then we factor
q : EUp LyF — B as a trivial cofibration £ Up L;F' — E; and a fibration
p1 : B4 — B. Finally, F is the fibre of p; over b € B. An argument similar to the
one applied in [Proposition 3.2.18 implies that F} is the homotopy pushout of the
homotopy fibres of L;F « F' — E. Therefore the composition F' — L;F' — Fy is

an f-local weak equivalence.

(ii) The problem is that the rectification of LyF — EUp LyF — B to the fibre
sequence I} — Fq — B destroys the property of the fibre being f-local. Therefore
one has to use something similar to a small object argument, constructing ever
better approximations to the total space of the fibrewise localization.

Transfinitely iterating this construction until a well-defined ordinal &, see (iii),
produces telescopes £ — £y — Ey — -+ resp. ' — F; — Fy, — ---. Applying
Puppe’s theorem to the diagram

E E Es
pl pll p2l
B——=B—>B——

we find that the homotopy fibre of (hocolim, E;) — B is hocolim,, F;. We therefore
have a morphism of fibre sequences

F E B

| L]

hocolim,, F; — hocolim,, F;, —— B.

Since F' — F; and E — E; are local weak equivalences by (i), the vertical maps in
the above are local weak equivalences. Moreover, any F; — F;;1 factors through
L F and therefore we have a local weak equivalence L ¢F ~ hocolim, Fj;.

(iii) The size issues differ from the argument in [CS06]. There a countable
number of steps is used, and the set of detectors is used to make sure countably
many steps are enough. In an arbitrary topos, this does not work, since a set of
detectors in the sense of [CS06, Definition 1.1] is the same as a set of compact
generators in the sense of [Definition 2.T.22] However, we can choose a cardinal in
a similar way as [(.J98]: We let f : A — B be a cofibration of simplicial presheaves
and assume Ly is the f-localization functor constructed in [G.J98, Theorem 4.4].
Then let a be a cardinal which is an upper bound for the cardinality of the sets of
morphisms of the site T and all sets of sections of the simplicial presheaf B. The
cardinal up to which the construction in (ii) has to be iterated is any cardinal
with k > 2%, |

REMARK 4.2.11 Note that the above construction is functorial since we have only
used universal constructions such as the localization augmentation F' — L¢F and
pushouts along this morphism. This implies that there exists a natural transfor-
mation JH(—,F) — J(—,L;F) which by [Theorem 3.2.17 is represented by a
morphism of the corresponding classifying spaces BT F — BfoF.
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Fibrewise Localization via Classifying Spaces: The construction of fibre-
wise localization using classifying spaces as in [Dro96, Theorem 1.F.1] is in some
sense a converse to the above: While we have used a concrete construction of
fibrewise localization to produce a morphism of classifying spaces via Brown rep-
resentability, the classifying space approach assumes that we are given a morphism
BfF — BJLF which classifies an LF-fibre sequence over B/ F and therefore ex-
tends to a morphism of the corresponding universal fibre sequences.

From this morphism, one can produce the fibrewise localization as follows: A
given fibre sequence F' — FE — B with fibre F' is classified by a morphism to
the corresponding classifying space B — BfF. Composing with the morphism of
classifying space we obtain a morphism B — BfF — BfLF. Pulling back the
universal LF-fibre sequence along this morphism produces an LF-fibre sequence
LF — E — B over B, which is the fibrewise localization of the fibre sequence
we started with. This implies that in the above situation any F-fibre sequence of
simplicial presheaves FF — E — B can be mapped via a homotopy commutative
diagram

—_—

|
E—2DB
to a fibre sequence over B, i.e. a fibrewise localization exists. Note that we can
get such a morphism between the classifying spaces by applying [Proposition 4.2.10
to the universal fibre sequence F — EfF — B/F. Then we obtain a new fibre
sequence LF — E/F — BfF which then is classified by a morphism of the
classifying spaces BfF — BfLF.

Of course this construction is not as explicit as what we did in the previous
paragraph, but it also proves that fibrewise localizations exist. It can in partic-
ular be used to understand fibrewise localizations in the case of torsors. As an
example, let G be a solvable algebraic group over a perfect field k. We will see
in the examples section, cf. [Proposition 4.4.19] that its localization is a group H
of multiplicative type. This morphism induces a morphism of classifying spaces
BG — BH, where we BG and BH are the classifying spaces of torsors. This im-
plies that the fibrewise localization can be constructed rather concretely: Take a
G-torsor F over a simplicial presheaf X, together with a trivialization. Replace the
fibres G by the group H, and replace the transition morphisms in G(U) by their
images in H(U). This describes an H-torsor, which is the fibrewise localization of

E.

Fibrewise Localization via Simplex Categories: We also provide the rigid
fibrewise S-localization which for the category of simplicial sets is constructed
in [Dro96, Theorem 1.F.3]. In the above, rigid means that the diagram of fibre
sequences in the definition of fibrewise application of coaugmented functors does
not only commute up to homotopy but on the nose.

This construction is easily seen to be functorial and to possess the following
universal property:
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Given a fibrewise space E — B, the fibrewise S-localization £ — E
as a B-morphism is the universal B-morphism from F into a B-space
with homotopy fibre an S-local space.

However, the construction of [Dro96, Theorem 1.F.3] does not carry over di-
rectly to the case of simplicial presheaves. We shortly discuss the problems that
appear when trying to carry over the proof of [Dro96l Theorem 1.F.3] to the setting
of simplicial presheaves. The basic idea in the construction of fibrewise localiza-
tion for fibrations of simplicial sets is to decompose the base into a diagram of
contractible spaces. Then the total space of the fibration can be decomposed into
the fibres over these contractible spaces. Using the fact that L takes weak equiva-
lences to weak equivalences and therefore (weakly) contractible spaces to (weakly)
contractible spaces, we know that applying the functor to the base diagram does
not change the homotopy type of the homotopy colimit. This sort of argument
does not work for categories of simplicial presheaves: Although we can canonically
decompose any simplicial presheaf as homotopy colimit of U x A", the generators
U are not contractible and can also not be written as a diagram of contractible
spaces. But in order to get a morphism from the fibrewise localized diagram for E
to the base we need to apply the functor L also to the diagram presenting the base.
This discussion should explain the necessity of the extra hypothesis in the theorem
below, requiring that the category of sheaves on T has a set of local generators.
This allows to apply the functor L without changing the homotopy type of the
base diagram.

THEOREM 4.2.12 Let L : A°°Shv(T) — A°PShv(T) be a functor of unpointed
simplicial presheaves that sends contractible spaces to contractible spaces and pre-
serves weak equivalences. Moreover, assume that for any representable U € T there
exists a covering U; of U such that L(U;) ~ U;, resp. that there is a set of gen-
erators of Shv(T') which are local with respect to L. Then for any fibre sequence
p: F — E — B there is another fibre sequence LF — E — B.

In case L is coaugmented we have a natural commutative (not just homotopy
commutative) diagram over B:

F——LF

EFE——F

PROOF: The structure of the proof is similar to that of [Dro96, Theorem 1.F.3],
with some preliminary remarks on the extra hypothesis in (i). We then apply the
canonical homotopy colimit decomposition from [Proposition 3.1.20]in (ii) and use
the homotopy distributivity from [Proposition 3.1.14] to decompose the fibration
into a similar diagram in (iii). We then apply the functor to the diagrams. This

provides a homotopy commutative ladder diagram, which can be rectified using
homotopy distributivity again.
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(i) Recall from [MM92, p. 576] that a set of objects C;, i € I, generates the
topos & if for any two parallel arrows u,v : E — E’ in £, the identity uow = vow
for all ¢ and all morphisms w : C; — E implies u = v. Since the elements of the
site T generate Shv(T'), the existence of L-local coverings for all objects U € T
implies that L-local objects generate the topos Shv(T).

From a set of generators C;, ¢ € I, of a topos &, it is possible to construct a
site, cf. [MMO92, p. 580], by taking the full subcategory C <— £ and equipping it
with a suitable Grothendieck topology. Giraud’s theorem [MM92, Theorem 2.1 in
Appendix] then implies an equivalence of categories £ = Shv(C).

Let now T be the site as in the assumptions above, let C;, i € I, be a set of local
generators of Shv(T') and denote by C the full subcategory of Shv(T) generated
by C;. Then we have an equivalence of categories Shv(T') = Shv(C). In particular,
we consider from now on the model category A°?Shv(C) instead of A°°Shv(T'), in
which all representable objects are local with respect to L.

Then we proceed with the proof of [Dro96, Theorem 1.F.3| for the site C.

(ii) Let p : E — B be a fibration of fibrant simplicial sheaves on C. Then by
[Proposition 3.1.20] there exists a diagram (7" x A | B), such that the canonical
morphism

hOC(I)lim(C XA | B)— colIim(C xA|B)— B

is a weak equivalence. For convenience we call the diagram category Z, it is the
category of all simplices U x A" — B with U € C and it maps U x A" to itself in
A°PShv(T). The diagram will be denoted by I'(B).

(iii) Now we decompose the total space E as follows: Let I'(E) denote the
following Z-indexed diagram. We associate to each simplex o : U x A™ — B the
space 0*(E) = E xp (U x A™), which is the pullback of the fibration p along
o. Since p is a fibration, the resulting square is a homotopy pullback. Moreover,
by distributivity, we know that colimz I'(E) — FE is an isomorphism. Applying
Homotopy Distributivity from [Proposition 3.1.14] we find that I'(E) is a homotopy
colimit diagram, i.e. the canonical morphism

hocglim I'F)— colIim I'E)— E
is a weak equivalence and we have the following diagram:

hocolimz I'(E) — colimz I'(F) E (4.1)

hocolim o*(p) l l lp

hocolimz I'(B) —— colimz I'( B) B

This process is also described in We see, that the decomposition of
the fibration works similar to the case of simplicial sets. The problem is however
that over an elementary simplex U x A™ the fibration need not be trivial, since U
as an element of the site is already something quite global.

(iv) We now apply the functor objectwise to the diagrams I'(E) and I'(B).
In case of a coaugmented functor we obtain morphisms I'(E) — LI'(E) and b :
I'(B) — LI'(B). Therefore, there is a natural commutative diagram by taking
homotopy colimits:
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hocolimz I'(E') —— hocolimz LT'(E) (4.2)
hocolim o* (p) l lpL
hocolimz I'(B) —>hocolimz LI'(B).

hocolim

Since L takes weak equivalences to weak equivalences, we obtain L(U x A™) ~
L(U) ~ U ~ U x A™, where the middle weak equivalence follows from the assump-
tion that we used the site of L-local objects. This implies that in the morphism of
diagrams b : T'(B) — LI'(B), we have b(U x A™ — B) is a weak equivalence for any
simplex U x A™ — B of B. Therefore by the homotopy invariance of homotopy
colimits, hocolim(b) : hocolimz I'(B) — hocolimz LT'(B) is a weak equivalence.

(v) The last step in the construction of the commutative ladder is the rectifica-
tion to obtain a diagram which commutes on the nose. This is done almost exactly
as it is done in [Dro96]. Note that the diagram (Bl is a homotopy pullback,
and we therefore can replace hocolimo*(p) by a fibration without changing the
homotopy type of the fibres. Now we denote by E; the homotopy pullback of py,
along hocolim b. We obtain a fibration p; : E; — hocolimz I'(B) and composing
this with the augmentation hocolimz I'(B) — B, we obtain a morphism E; — B.
Therefore we have a fibre sequence LF — E; — B.

To get a morphism from FE into the fibrewise localization, we consider the
following diagram:

E <— hocolimz I'(E) L E

] |

B = B = B

The morphism [ is obtained from the usual construction of the homotopy pullback
as point-set pullback of a factorization of py, in diagram (2)). We construct the
fibrewise localization E as the homotopy pushout of the first line in the above
diagram, again using Puppe’s theorem BZLT0. Since hocolimz I'(E) — E is a weak
equivalence, so is E; — E, whence the fibres of E — B have the right homotopy
type LF. By construction, we also have a B-morphism E — E. All the steps were
natural, so the above construction is functorial in p: £ — B.

(vi) We started in the assumptions of the theorem with a fibre sequence F' —
E — B in A°®Shu(T). Recall that in (i) we constructed an equivalence of
categories p : Shv(T) — Shv(C). Then we produced a fibrewise localization
Lp(F) — E — p(B) of p(F) — p(E) — p(B) in the category A°®Shuv(C), to-
gether with the corresponding commutative ladder diagram. In the last step, we
move this fibrewise localization back to A°°Shv(T'): The fibrewise localization of
F — E — B is given by p~Y(Lp(F)) = LF — p~Y(E) — p~'p(B) = B. The
statements about commutativity still obtain, because we used an equivalence of
categories.

(vii) The fact that E — E is an f-local weak equivalence if L = Ly is a local-
ization functor follows from [Proposition 4.1.7 The morphism £ — FE is equivalent
to the morphism hocolimz I'(E) — hocolimz LT'(E), which in turn is a homotopy
colimit of localization maps. |
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REMARK 4.2.13 (i) The condition of the above theorem is satisfied for the Al-
localization functors over a regular noetherian base scheme S. The following
argument shows that any smooth scheme over S can be covered by A'-rigid
schemes.

First, any connected smooth scheme is irreducible, and any irreducible scheme
can be covered by quasi-projective schemes provided the base is noetherian,
cf. Chow’s lemma [Gro6dl, Theorem 5.6.1]. For a quasi-projective scheme
U — S, consider the embedding U — P§. Now P} can be covered by copies
of A7, and A7 can be covered by 2" copies of Gy, as follows: We consider
the hyperplanes t; = 0 resp. t; = 1 in A} = SpecZlt,...,t,]. For a tuple
(a1y...,ay) €{0,1}™, we consider the complement of the union of the hyper-
planes t; = a;. This is isomorphic to G),. It is also clear, that the union of
these tori covers A7, and therefore Ay can be covered by tori for any S by
pulling back this covering.

Finally, over a regular base scheme S, G, and therefore G?, is A'-rigid, hence
Al-local. Any open subscheme of an A'-rigid scheme is again Al'-rigid, so
the induced covering of U by U xpn GT, consists of A'-rigid schemes.

We have managed to produce a set of Al-local generators of Shv(Smg) for
any topology containing the Zariski topology, hence the theorem applies.

(i) Note that although our main interest is in the fibrewise versions of localization
resp. nullification functors, it is nice to have the possibility to apply other
functors fibrewise. One example mentioned in [Dro96|] is the case of the
simplicial coaugmented functor

Ly : X — map(W, X).

In the special case of W = SP4, we get fibrewise free loop spaces: For any fibre
sequence F' — E — B we obtain another fibre sequence QP4F — E — B.

The same argument works for any “topological” functor one wants to apply
fibrewise: Since all sheaves of constant simplicial sets U are fibrant and ho-
motopy discrete, the free loop space will not change these sheaves, therefore
we do not need the replacement site C constructed in step (i) of the proof of
|Theorem 4.2.14.

(iii) For simplicial sets, one can construct principalization functors using the
above [Theorem 4.2.13, by applying the functor X +— Aute(X) which maps
every simplicial X to the simplicial group of its automorphisms. This way
one can associate to each fibre sequence a principal Aute(F')-bundle. The
problem in a generalization of this to simplicial sheaves is to find a set of
generators of the topos Shv(T), such that the generators do not have any
automorphisms. This seems to be more complicated than the construction
employed in (i) for Al-localization.

Some Consequences: The existence of a fibrewise localization functor implies
the following two results from [Dro96, Section 1.H]. It also yields the characteriza-
tion of nullification functors given later on.
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COROLLARY 4.2.14 If FF — FE — B is a fibre sequence with Ly F' ~ % and B path-
connected, then L¢(p) : LyE — LyB is a homotopy equivalence, and x — LyE —
LB is a fibre sequence.

Note that if we apply the pointed localization, we have to assume 2B path-
connected. For the unpointed version, the unconditional statement obtains, since
the unpointed localization functor localizes the induced fibre sequences over each
connected component of B. Of course this statement can also be proven without
the use of fibrewise localization, cf. [MV99, Example 3.2.3]. Note however that in
the above corollary there is no restriction like being locally trivial in the Nisnevich
topology, the only restriction is that ' — F — B is a fibre sequence.

COROLLARY 4.2.15 Let Ly be the W-nullification functor with respect to any
space W. Let X be a pointed path-connected space. Then we have Ly Ar,, X ~ *,
where Ar,,,, X is the homotopy fibre of the nullification X — Ly X.

The proofs carry over verbatim from [Dro96, Section 1.H], as we have es-
tablished all the necessary facts about the nullification functors for simplicial
presheaves.

4.3 Nullification and Local Fibre Sequences

The fibrewise localization we constructed for simplicial presheaves in Secfion 4.2
can be used to give criteria for locality of fibre sequences. We will see that a fibre
sequence F — E -2 B is f-local for a null-homotopic morphism f : X — Y
of simplicial presheaves iff the pullback of the fibrewise localization of p to the
non-local part of the base is a trivial fibre sequence.

The assumption that f : X — Y is null-homotopic, i.e. the localization functor
Ly is equivalent to a nullification L.y, is essential as we will see in [[heorem 437

Recall from Becfion Z.1lthat there were two approaches to localization: One via
an axiomatic definition of localization functors, and another one via the definition
of an f-local model structure. These two approaches have a different terminology
in dealing with local fibre sequences. Looking at the localization functors approach,
the natural question to ask is if a fibre sequence is preserved by a localization func-
tor Ly. On the other hand, the natural question for the model category approach
is rather if a given sequence is a fibre sequence in the local model structure, us-
ing [Definition 2.T.91 Although it seems almost clear that these two terminologies
basically mean the same thing, we still give a proof of the fact. This fact also
generalizes to homotopy pullbacks in case the local model structure is proper.

Localization of Fibre Sequences: In this paragraph, we show that to deter-
mine if F — E — B is a fibre sequence in a localized model structure, it suffices to
check if LE — LF — LB is also a fibre sequence. A similar statement holds for ho-
motopy pullbacks and their localizations. Note, that the fibre sequence statement
does not depend on properness of the local model structure, since the localization
of the fibre sequence automatically yields morphisms between fibrant objects, so
no rectification as in is necessary. However, the result for homotopy
pullbacks is not unconditional, as we need properness of both C and its Bousfield
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localization L;C to even talk about homotopy pullbacks. Therefore the homotopy
pullback part seems to depend on the fact that Ly is a nullification.

We begin with a definition of what it means for a fibre sequence resp. a homo-
topy pullback to be preserved by a localization functor.

DEFINITION 4.3.1 Following [BF03] we say that a fibre sequence FF — E — B
is preserved by a localization Ly if applying Ly to p yields a morphism of fibre
sequences:

F E B
LF——LE——1LB

Similarly, a homotopy pullback is preserved by the localization Ly if applying
Ly to the homotopy pullback diagram yields a (homotopy) commutative diagram of
homotopy pullbacks:

X Y
NN
LiX —— LY
Z W
\ \
LyZ LW

The next proposition shows that being an f-local fibre sequence is the same as
being preserved by a localization.

PROPOSITION 4.3.2 Letp : FF — E — B be a fibre sequence in a proper model
category C. Let f: A — B be a morphism with associated localization functor L.
Then p is preserved by Ly iff p is a fibre sequence in the f-local model structure.

PRrROOF: Assume that p is preserved by L;. Then we have a commutative diagram
of fibre sequences:

p

F E B
o
LF—LFE—LB

The morphism f is equivariant for the holonomy action of 2B, because the functor
Ly is continuous, and preserves products, cf. [[Theorem 4.1.3land [Proposition 4.1.6
The fibre sequence LF — LE — LB is a fibre sequence in the f-local model
structure since it is a non-local fibre sequence and both LE and LB are local, cf.
[Hir(03, Proposition 3.3.16]. Therefore ' — E — B is also a fibre sequence in the
local model structure.

Conversely, let p be an f-local fibre sequence. Then there is an f-local fibre
sequence X — Y — Z where ¢ : Y — Z is an f-local fibration of f-local fibrant
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objects. Therefore ¢ is homotopy equivalent to L;p and we have hofib Lyp ~ X ~
Ly hofibp. The latter weak equivalence follows since X is f-locally equivalent to
F. So p is preserved by L. |

The following proposition shows that a homotopy pullback is preserved by
localization exactly when it is a homotopy pullback in the local model structure.
This generalizes the previous statement on fibre sequences under the condition that
both the model category C and its Bousfield localization L;C are proper.

PROPOSITION 4.3.3 Let the following square be a homotopy pullback in a proper
model category C:

a2 x

g h

B T Y.
Assume the Bousfield localization LC is also proper. Then the above diagram is a
homotopy pullback in the f-local model structure iff its localization is a homotopy
pullback in C.

Proor: We will occasionally refer to the pullback diagram as ¢ : g — h.

(i) Assume the square above is an f-local homotopy pullback. We can assume
without loss of generality that h is an f-local fibration. To see this, consider the
following diagram obtained by factoring h into the f-local trivial cofibration ¢ and
the f-local fibration c:

A X
b a,=yf
\ h \\
g Bxy /J—|——Z7

B/ Y/

By assumption the morphism b is an f-local weak equivalence. As we also assumed
functorial factorizations, this diagram continues to commute after f-localization,
and the f-local weak equivalences descend to weak equivalences between the local-
ized objects [Hir03, Theorem 3.2.18]. So the upper square is a homotopy pullback.
It remains to show that the lower square is, then by the homotopy pullback lemma
the localization Lyg — Lyh is a homotopy pullback. This argument uses proper-
ness of L;C since the homotopy pullback lemma BT.6 only holds in a proper model
category.
(ii) Let h be an f-local fibration, and consider the following diagram:

A—>X—>LfX
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The outer rectangle is an f-local homotopy pullback by the homotopy pullback
lemma B0l since the left-hand square is an f-local homotopy pullback by as-
sumption, and the right-hand square is a homotopy pullback by [Hir(03, Proposition
3.4.8(1)]. By the characterization of f-local homotopy pullbacks, the morphism
A—LiX XLy L;B is an f-local weak equivalence.

Since we assumed h to be an f-local fibration which therefore is preserved by
Ly, cf. [Proposition 4.3.2] we can assume that L;h is a fibration, and therefore
an f-local fibration [Hir(3, Proposition 3.3.16(1)]. By properness the following
pullback is also an f-local homotopy pullback:

LfB XLfY LfX —>LfX

e

L+B L¢Y

By 2-out-of-3, all morphisms in the composition A — LyA — LgB X,y LyX
are f-local weak equivalences, where the latter map is the universal one from the
definition of pullbacks. By assumption, L¢h is an f-local fibration, sois Ly B X,y
LyX — L¢B, and in particular LyB X,y LyX is f-local. Using again [Hir03l,
Theorem 3.2.18], LyA — LB Xp,y LyX is a weak equivalence, which readily
implies (using properness) that Lyg — Lyh is a homotopy pullback.

(ili) Assume now Lyg — Lyh is a homotopy pullback. Factor h into an f-local
trivial cofibration a and an f-local fibration c¢. We need to prove that the pullback
map b : A — B xy X is an f-local weak equivalence. Consider the following
diagram:

L;A LiX
Lsb Y
Lf(B Xy Z) LfZ
Lyg lf Lsh ‘/d
LfB XLfyX X
/ /
LB LY

Since we can not guarantee that Lyc is again an f-local fibration, we have to
factor it as f-local trivial cofibration d followed by the f-local fibration e. We
have by construction that the square ¢jc — ¢ is an f-local homotopy pullback,
and using (ii), the square Lf(¢jc) — Lyc is a homotopy pullback. Therefore
f:L{(BxyZ)— LB XLfyX is a weak equivalence. By assumption, Lyg — L¢h
is a homotopy pullback, so the weak equivalence do L ra induces a weak equivalence
foLy¢b, which by 2-out-of-3 implies that L b is a weak equivalence. Both LA and
Ly(B xy Z) are f-local, so employing [Hir(3, Theorem 3.2.18] again, we find that
b: A— B xy Z is an f-local weak equivalence, which proves the claim.
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REMARK 4.3.4 Note that the properness hypothesis in the above result is really
necessary: If any homotopy pullback in the proper model category C with one mor-
phism an f-local fibration is preserved by f-localization, then the Bousfield local-
ization LyC is already proper. The following is a short argument for this.

Let C be a proper model category, and let the following homotopy pullback in C
be given:

a2 x

g h

BTY.

Let ¢1 be an f-local weak equivalence, let h be an f-local fibration. We have
assumed that the homotopy pullback is preserved by f-localization. The morphism
Ly is a weak equivalence, and by properness of C, the morphism Ly¢q is also a
weak equivalence. Therefore ¢g : A — X is an f-local weak equivalence, and we
have proved properness of the f-local model structure.

The argument that a homotopy pullback with one weak equivalence has another
parallel weak equivalence is as follows: Consider the following diagram:

A

]
~ k
B xy X —>

B

We assume the outer rectangle is a homotopy pullback. Then we consider a fac-
torization of X — Y as a trivial cofibration ¢ and a fibration p. We assume 1
1s a weak equivalence and we want to show j is a weak equivalence. Then k is a
weak equivalence by properness. Since the rectangle is a homotopy pullback, the

morphism d : A — B Xy X is a weak equivalence. By 2-out-of-3 and since c is a
weak equivalence we obtain that j is a weak equivalence.

J

R

i

Characterizing Nullifications: This paragraph is concerned with special prop-
erties that distinguish nullification functors, i.e. localizations with respect to null-
homotopic morphisms W — %, from localizations with respect to general mor-
phisms f : A — B. This is a generalization of results that appeared in [BE03] to
the case of simplicial presheaves. The first is a simple lemma appearing as [BE03,
Lemma 1.7].

LEMMA 4.3.5 Let T be a Grothendieck site, and let F — E 25 B be a fi-
bre sequence in A°°?PShv(T). Let Ly be an arbitrary localization functor on

AP PShv(T). Consider a fibrewise localization LF — E 2, B. Then Ly pre-
serves p iff Ly preserves p.
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PRrOOF: The definition _of fibrewise localization, cf. [Definition 4.2.2 requires tha_t
the morphism a : £ — E is an f-local weak equivalence, hence Lya : LyE — Ly E
is a weak equivalence and therefore hofib p ~ hofib p. |

We need yet another lemma on ladder diagrams of simplicial presheaves, which
is derived from the corresponding fact on simplicial sets:

LEMMA 4.3.6 Let T be a site, and let a commutative ladder diagram of fibre se-
quences be given:

F1—>E1—>Bl
I |
F2—>E2—>BQ

Assume that f and b are weak equivalences. Then e is also a weak equivalence.

ProOOF: Fibre sequences are preserved by passing to points, cf. [Proposition 3.1.11}
Also weak equivalences are determined on points by definition. It therefore suffices
to prove the above assertion for simplicial sets.

If we consider the above diagram in the category of simplicial sets, then we can
assume without loss of generality that By — Bs is a weak equivalence of connected
simplicial sets. Then we have a diagram of the corresponding long exact sequences

T 7"'n(F&) —>7Tn(E1) —— 7"'n(Bl) —

Wn(f)l Wn(e)l lﬂn(b)

T 7Tn(F2) —>7Tn(E2) —— Wn(BQ) —

Using the five lemma together with the fact that m,(f) and 7, (b) are isomorphisms
for all n > 0, we obtain that m,(e) is an isomorphism for all n > 0. Hence e is a
weak equivalence. |

The following characterization of nullification functors was proved for the case
of simplicial sets resp. topological spaces in [BEO3, Thm. 2.1]. Using the elemen-
tary facts and the existence of fibrewise localization, we find that it holds for any
model category of simplicial presheaves.

THEOREM 4.3.7 Let T be a Grothendieck site, and let f: X — Y be a morphism
of simplicial presheaves in A°° PShu(T). Denoting by Ly the localization functor,
consider the following statements:

(i) Ly is equivalent to a nullification, i.e. there exists a simplicial presheaf W
such that Ly and L._.w have the same local spaces resp. induce Quillen-
equivalent Bousfield localizations.

(ii) If in any fibre sequence F' — E L, B both F and B are local, then so is E.
(iii) Every fibre sequence with B local is preserved by Ly.
(iv) For every space Z the space LyAr,Z is contractible.

Then (i), (iii) and (iv) are equivalent, and (i) implies (ii). If we assume that X
and Y are mo-connected, as defined in [Definilion 2.3.5, then (iv) implies (i).
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Proor: Note that Ly and Ly for g : *+ — W have the same local spaces iff
the corresponding local model structures are Quillen equivalent. This can be seen
from the following argument: The local model categories have the same underlying
categories, namely the category A°° PShu(T). The cofibrations in both model
structures are the same, i.e. the monomorphisms of simplicial presheaves. Then
we have that h : X — Y is a f-local weak equivalence iff Lyh : Ly X — LY is
a weak equivalence iff Lyh : L, X — LY is a weak equivalence iff h : X — Y is
a g-local weak equivalence. The outer equivalences follow from [Hir(3, Theorem
3.2.18], the inner equivalence is in turn equivalent to the assertion that L; and L,
have the same local spaces. Therefore both local model structures have the same
cofibrations and weak equivalences, therefore also the same fibrations. Hence the
identity on A°?PShv(T') is both a left and right Quillen functor.

Now we prove the following implications: (i) = (ii) = (iii) = (iv) = (ii).

(i) implies (ii) is elementary fact (e.6) in [Dro96l Section 1.A.8]. To get rid of
the connectedness assumption, we have to use a slightly extended argument. This
is proved as follows: Let F' — E — B be any fibre sequence. Then the following is
also a fibre sequence Hom(W, F') — Hom(W, E) — Hom(W, B) for any cofibrant
W, cf. resp. [Proposition 3.1.0F Moreover, this holds for any choice
of base points, so it does not need connectedness. For a pointed and connected
space X, we have that X is W-local iff Hom, (W, X') ~ x. If this holds for B and
F', then by the long exact homotopy sequence associated to the Hom-sequence,
this also holds for E. For the general case, we note that the internal hom-functor
is coaugmented X — Hom(W, X) by the constant maps. Therefore we obtain a
morphism of fibre sequences

F E B

l | |

Hom (W, F') — Hom(W, E) — Hom(W, B).

Now X is W-local iff X — Hom(W, X) is a weak equivalence. Assuming F' and B
are W-local in the above diagram, the left and right vertical morphisms are weak
equivalences. This implies that also the morphism £ — Hom(W, E) is a weak
equivalence by Therefore E is W-local.

For (ii) implies (iii) it suffices to show by that the fibrewise local-

ization L;F — E 2, B is preserved. But this follows from (ii), since both B and
L¢F, hence by assumption also E are local. Note that this is the place where we
use the existence of fibrewise localization for simplicial presheaves!

(iii) implies (iv): By assumption the fibre sequence Ay, Z — Z — L;Z is
preserved by Ly, so LyAr,Z is the fibre of the homotopy equivalence LyZ —
LyLyZ, hence contractible.

(iv) implies (ii): Let FF — E — B be a fibre sequence with F' and B local. Then
E — B factors as lp : E — LyE and q : LyE — B, by (homotopy) universality of
Ly. Consider the following diagram:

F —"= hofib(q) —

T
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From [Hir03, Proposition 3.3.16], a fibration between local objects is an f-local
fibration. Therefore hofib(gq) is local. This also implies that hofib(m) is local,
since F' is local by assumption. Now we apply the (non-local!) homotopy pullback
lemma: The outer rectangle is a homotopy pullback, since /' — E — B is a fibre
sequence. The same holds for the right square. So the left square is a homo-
topy pullback and therefore A, E = hofib(lg) ~ hofib(m), which is local. Hence
Ap,E ~ LyAp E is contractible by assumption. Then /g is a weak equivalence,
so F is already local. The above is independent of the choice of base points, since
the homotopy pullback argument and the comparison of the spaces can be done
at the points of the topos, and we apply an unpointed localization functor, which
localizes all components of a space.

(iv) implies (i): We start with the remark, that if f : X — Y is a morphism of
mo-connected simplicial presheaves, then L;Z is mg-connected for any mp-connected
simplicial presheaf Z. This can be seen by the direct construction of Ly e.g. in
[G.I98, Section 4]. The functor Ly is constructed as transfinite composition of
pushouts

X x A" Uxxoan Y x OA™ —>-L?‘Z

| l

Y x AP z,

where L9 Z = Ex3® Z' and Ex$ is a functorial fibrant replacement for the sim-
plicial model structure on A°? PShv(T'). These pushouts can be computed at the
points, and in particular x*(L;‘c‘Z ) and z*(Y x A™) are connected simplicial sets
for any point z of the topos. The pushout Z’ of these simplicial sets is again
connected, and a fibrant replacement does not change the homotopy types at the
points. Therefore L;Z is mp-connected for any mp-connected simplicial presheaf Z,
in particular for X and Y.

Now we can proceed with the argument from [BEO3, Theorem 2.1]: From
[Proposition 4.1.7 we know that Lf(X VY) ~ L¢(LyX V L;Y). Define W =
ALfX Vv ALfY. By assumption and the formula above, LW ~ %, so any Lj-local
space is also W-local.

Letting g : W — x, we have pt >~ LiW ~ Ly(LyAL, X V LyAL,Y), the latter
weak equivalence again from [Proposition 4.1.7]1 From the definition of locality,
L,7 ~ x iff Z — x is an g-local weak equivalence iff Hom,(Z, P) ~ x for any
g-local space P. Note that this uses the mp-connectedness of Z. It follows that

Hom*(LgALfX \/LgALf}/7 LgALfX) ~ ok,

Because the morphisms *,id Vx : LgALfX vV LgALfY — LgALfX are then ho-
motopic, this implies LyAr, X ~ *. The same holds for Ay Y. Consider the
commutative diagram

Lx —2 oy

| |

LyL;X LyL;Y.
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Both vertical arrows are homotopy equivalences, since their homotopy fibres
are contractible, cf. [Corollary 4.2.14L L¢f is a homotopy equivalence, because it
is an f-local equivalence of f-local spaces, cf. [Hir(3, Theorem 3.2.18]. Therefore,
LyLyf is a weak equivalence and by 2-out-of-3 also Ly f. Thus every W-local space
is Ly-local and the two localization functors agree up to homotopy. |

REMARK 4.3.8 It seems plausible that the implication from (iv) to (i) also holds
under weaker connectedness assumptions than used above. In view of [MV3Y,
Corollary 2.3.22], we know that for an interval I on site, the localization L;X
of a my-connected X is again my-connected. The interval A' in Smg is not mo-
connected, so the my-connectedness of the spaces X and Y in [Theorem 4.3.7] is
certainly not necessary.

The Characterization Result: We now finally give the criterion for a fibre se-
quence to be preserved by a nullification. There is one preparatory lemma we need,
which is a presheaf version of [BE03, Lemma 3.2]. All we need for the simplicial
set proof of this lemma to work also for simplicial presheaves is [[heorem 4.3.71

LEMMA 4.3.9 LetT be a Grothendieck site, and let Ly be a nullification functor on
A°PPSho(T). Consider the following diagram of simplicial presheaves, in which
the square is a homotopy pullback and the lower sequence is a fibre sequence with
local base C':

D——F

p

Q

A—>B—">(C

Then there is a homotopy equivalence of homotopy fibres hofib(Lq) ~ hofib(Lp),
and p is preserved by L iff q is.

ProoOF: Consider the following diagram:

D——F
q lp
%B

_
<

I

As A — B — (' is a fibre sequence, the lower square is a homotopy pullback. By
the homotopy pullback lemma BTH, the sequence D — FE P €' is also a fibre
sequence. Since Ly is a nullification and C' is f-local, the two fibre sequences r
and r o p are preserved by L, cf. [[Theorem 4371 Then we consider the localized

diagram

- -

Q
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LyD——~ L;E

qul \Lpr

LiA— LB

e

* L:C

By the pullback lemma and properness of the (non-local!) model structure,
the upper square is a homotopy pullback. This proves the assertion hofib(Lsq) ~
hofib(L ¢p). Also, hofib(p) ~ hofib(g), because the non-localized upper square was
assumed to be a homotopy pullback, and this implies that p is preserved by L
precisely when ¢ is. |

The following theorem provides a criterion for locality of fibre sequences which
appeared in [BEO3, Theorem 4.1] for the case of simplicial sets resp. topological
spaces. Although the statement below is more general and applies to general model
categories of simplicial presheaves, the proof is still almost the original one. Note
that we need the hypothesis that f : X — Y is null-homotopic in order to apply
the previous lemmas.

THEOREM 4.3.10 Let T be a site, and let f : X — Y be a null-homotopic mor-
phism of simplicial sheaves in A°°Shv(T) such that Ly admits a fibrewise version.

Furthermore, let ' — E L. B be a fibre sequence.

Let Ly F' — E — B be a fibrewise localization of p, and let LiF — E' — Ap,B
be the pullback of this fibrewise localization of p to AL, B = hofib(B — LyB). Then
the following are equivalent:

(i) The fibre sequence p is an f-local fibre sequence,
(i) the fibre sequence p is preserved by Ly,

(i) E' ~ LyF x Ar,B and therefore there is an f-local weak equivalence E' ~
L¢F, and

(iv) the following composition of morphisms is null-homotopic:
Ap,B— B - B'F — BILF.

The first morphism is the natural inclusion of the homotopy fibre A, B =
hofib(B — L¢B) into B, then follows the morphism B — BTF classifying
the fibre sequence p, and finally the morphism BTF — BfoF induced by
fibrewise localization.

PRrROOF: (i) and (ii) are equivalent by [Proposition 4.3.2} (iii) and (iv) are equiva-
lent, as (iv) describes via morphisms on classifying spaces what the construction
in (iii) does on the level of fibre sequences.

We write L = Ly omitting f from the notation. We know from
that p is preserved by L iff p is. Applying to the diagram
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Ey——F

o lﬁ

ALBd—>BT>LB
B B

we see that P is preserved iff ¢ is. Since LA B is contractible, ¢ is preserved iff
there is a map of fibre sequences:

LF Ey A B
LF — LE, *

Such a morphism of fibre sequences can only exist if the upper fibre sequence is
trivial, i.e. there is a weak equivalence E; ~ LF x A;B. By the Dold theorem
discussed in the next paragraph, the fibre sequence ¢ is equivalent to a trivial
one iff the inclusion of the fibre LF — FEj has a left homotopy inverse. Therefore
q is preserved by L iff ¢ is equivalent to a trivial fibre sequence. |

We can even prove a more general result describing sharp conditions under
which a homotopy pullback of simplicial presheaves descends to a nullification
model structure.

COROLLARY 4.3.11 Let T be a site and let a homotopy pullback of simplicial
presheaves in A°’Shv(T) be given:

X sy

i| ’

Z—p>VV.

Furthermore, let f: A — B be a null-homotopic morphism of simplicial sheaves in
APShy(T') such that Ly admits a fibrewise version, and the f-local model structure
is proper. Then the above homotopy pullback is an f-local homotopy pullback iff the
fibrewise localization of the fibre sequence hofibqg — Y — W splits over Ay, Z iff
the fibrewise localization of the fibre sequence hofibp — Z — W splits over AL, Y.

PrOOF: The proof is similar to the one of [[Theorem 4£3.T0l Assume the homotopy
pullback is f-local. By properness, it suffices to check one factorization, i.e. one
of the conclusions, cf. [G.J99, Lemma II1.8.18]. Since the diagram is a homotopy
pullback, we have a fibre sequence hofibq — Y — W. We also consider the local
fibre sequence hofib L¢g — LY — LW. It is not necessary that both agree, i.e.
that L preserves the fibre sequence q. We pull these two fibre sequences back
along p : Z — W. Since we assumed the diagram is a local homotopy pullback,
the pullback of Lg : LY — LW is locally weakly equivalent to 7 : X — Z,
which is the pullback of the fibre sequence gq. Therefore the pullback of the fibre
sequence ¢ along Z — W is preserved by L, and the equivalence of (ii) and (iii)
in [Theorem 4.3 101 implies that the pullback of ¢ along Z — W splits over the
non-local part of Z. This is what we wanted to prove.

Assume that the fibrewise localization of hofibg — Y — W splits over A, Z.
Then the pullback of hofibg — Y — W to Z is an f-local fibre sequence by
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(Cheorem 4.3. 101 This implies that after replacing ¢ by a local fibration Yy — W,
there is a local weak equivalence Y Xy Z ~ X. Therefore the homotopy pullback
above is also a local homotopy pullback. |

REMARK 4.3.12 (i) Note that since X — Sing?' (X) is an A'-local weak equiv-
alence, the statement that F — E — B is an A'-local fibre sequence implies
also that Sing‘}l(F) — Sing‘}l(E) — Sing‘}l(B) is an Al'-local fibre sequence
and vice versa. We will see in that there is considerably more
geometry in proving that Sing‘}1 (F) — Simgfxl (E) — Sing‘}1 (B) is a fibre se-
quence in the simplicial model structure. On the other hand, the localization
theorem above is easier to apply to singular resolutions of schemes.

(ii) In[Section 1.4, we will show how to use the above theorem to construct fibre
sequences in the Al-local model structure. Since there are some difficulties
in connecting the geometry of schemes with the algebraic topology of the cor-
responding simplicial presheaves, there are yet no fully worked out geometric
examples of fibre sequences that are not A'-local, see the paragraph on non-
local fibre sequence on page I3 It is nevertheless mice to have a sharp
criterion for Al-locality of fibre sequences.

The Dold Theorem: For the proof of [[[heorem 4.3. 10l we needed a result char-
acterizing trivial fibre sequences. This was originally proved by Dold [Dol63], and
we show that it also holds in categories of simplicial presheaves. This is again
proved by looking at the points of the topos.

PROPOSITION 4.3.13 Any fibre sequence F' — E — B in a category A°°Shv(T)
of simplicial presheaves is trivial in the sense that there is a weak equivalence
E ~ F x B, iff the inclusion of the fibre admits a left homotopy inverse.

PROOF: One direction is easy: Let ¥ — E — B be a fibre sequence which is
equivalent to a trivial one. We consider a nice model, i.e. a fibration p: £ — B
of fibrant objects and a weak equivalence F' — p~!(x), and we assume F fibrant.
By the assumption that p is trivial, there is a homotopy equivalence £ — F' x B,
which composed with the projection F'x B — F provides the left homotopy inverse
ofi: F — E.

For the converse, let a fibration of fibrant objects p : E — B be given, together
with a morphism [ : E — F = p~1(x). This yields a morphism I x p: E — F x B.
We assume that [ is left homotopy inverse to i : p~'(*) — E and we want to
show that [ x p is a weak equivalence. Assume for now that 7" has enough points.
By definition of the injective model structure, it suffices to check this on points.
Let = be any point of the topos, and consider z*(F) — z*(E) — «*(B). This
is a fibre sequence by [MV99, Lemma 2.1.20]. Moreover, the morphism x*(l) :
z*(E) — z*(F) is a left homotopy inverse of z*(p). By the usual Dold theorem
[Dol63, Theorem 6.1] the morphism z*(I x p) = z*(I) x *(p) is a weak equivalence
of simplicial sets. Therefore, [ x p induces a weak equivalence for any point x of T'
and thus is a local weak equivalence.

More generally, since we allowed ourselves to choose a nice model, a weak
equivalence can be check on sections: If (I x p)(U) : E(U) — (F x B)(U) is a
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weak equivalence for any U € T', and all of E, B and F are fibrant, then [ X p is a
weak equivalence [MV99, Lemma 2.1.10]. This again follows from the usual Dold
theorem for simplicial sets. The latter argument of course works for any topos,
even the ones without points. |

Pullback Stability: In the following L. = Ly will be a nullification functor. The
following is an immediate corollary to[lheorem 4.3.T0l Again the proof follows the
proof of [BE03 Theorem 0.2].

PROPOSITION 4.3.14 Let T be a Grothendieck site, and let L = Ly be a nullifica-
tion functor on A°° PShv(T'). If a pointed fibre sequence F — E 2B of simplicial
presheaves is preserved by L, then any pointed fibre sequence py induced from p by
pullback along f : X — B is also preserved by L.

PROOF: Let F — E -2 B be a fibre sequence, and let f : X — B be a morphism
of simplicial presheaves. Then the fibre sequence p is classified by a morphism
p : B — B/F, and the pullback of p along f : X — B is classified by the
composition X — B — BfF. By [Theorem 4.3.10), it suffices to show that if the

composition

A;B— B— B'F - BILF

is null-homotopic, then so is the composition
ApX - X - B— B'F - B/LF.

This follows since we have a commuting square

A X — ALB
X B,

which is obtained by taking the homotopy fibres of the coaugmentation morphisms
X — LX resp. B — LB. |

It is also possible under some connectedness assumptions to prove this result
in a way similar to [BEO3, Proposition 3.1].

Nullifications and Properness: Denis-Charles Cisinski has kindly pointed out
to me that (iii) in [[heorem 4.3.1 holds if we know that both the original and the
local model category are proper. This basically raises the question of the relation
between nullification functors L; and properness of the f-local model category,
which we partially answer below.

Cisinski’s argument that [Theorem 4.3.7 (iii) follows from properness runs some-
thing like this: Consider a local and fibrant space B and a simplicial fibre sequence
F — E -2 B over it. We want to show that F is the f-local homotopy fibre of
p. Using properness of the f-local model structure, it suffices to take a factoriza-
tion of * — B as an f-local trivial cofibration ¢ : * — B and an f-local fibration
q : B — B, and to prove that the induced morphism d : F — B xp E is an
f-local weak equivalence, cf. [G.J99, Section I1.8]. The situation is depicted in the
following diagram:
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—d> B XB FE

]

Since B is f-locally contractible but also local, it is contractible, i.e. ¢ is a (non-
local) weak equivalence. Since the outer square is a (non-local) homotopy pullback
by definition, the right one as well, so the left square is a (non-local) homotopy
pullback. Then the (non-local) weak equivalence * — B pulls back to an (non-
local) and therefore also f-local weak equivalence d : F — B xp E. This follows
from properness of the non-local model structure. The f-local homotopy fibre of p
is B x g E and we have shown it f-locally is the same as F. Therefore F — E — B
is an f-local fibre sequence.

Under suitable assumptions on connectedness of f, we now obtain the following
corollary. Probably this can also be obtained under weaker assumptions, one of
the most interesting cases being a morphism of representable objects f: U — U,
inT.

— > F
l”
c q B

COROLLARY 4.3.15 Let T be a Grothendieck site, and let f : X — Y be a mor-
phism of my-connected simplicial presheaves in A°° PShv(T). If the f-local model
structure on A°°® PShv(T) is right proper, then there exists a simplicial presheaf
W such that the localization functors Ly and Lw are equivalent.

Proor: Cisinski’s argument above shows that if the f-local model structure is

proper, then (iii) in [Theorem 437 holds. By [Theorem 437 the localization has

to be equivalent to Ly for some simplicial presheaf W. |

Using the characterization of properness due to Cisinski in [Cis02], we can also
prove the other direction:

COROLLARY 4.3.16 Let T be a Grothendieck site, and let f : X — Y be a mor-
phism of simplicial presheaves on T'. If f is null-homotopic, then the local model
structure Ly A°® PShv(T) is proper.

ProoF: Using [Cis02, Theorem 4.8], it suffices to show that for a fibration p :
FE — B with fibrant base B, for any f-local weak equivalence ¢ : X — Y and every
morphism v : Y — B, the morphism j: Exgp X — E xpgY is also an f-local weak
equivalence.

By [Mheorem 43717, the fibre sequence hofib(p) — E — B is preserved by f-
localization. By [Proposition 4.3.14] the same also holds for the pulled-back fibre
sequences hofib(p) — E xpY — Y and hofib(p) — E xp X — X. We therefore
obtain a commutative ladder of fibre sequences:

thoﬁb(p) —>Lf(E XB X) —>LfX

| | l

Lf hOﬁb(p) —_— Lf(E XB Y) —_— Lf}/.

It is clear that the morphism on the fibres is a weak equivalence, and since 7 is
an f-local weak equivalence, Lyi: Ly X — LY is also a weak equivalence. From
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Cemma 38 we conclude that Ly(ExpX) — Ly(E xpgY)is a weak equivalence.
Therefore j is an f-local weak equivalence.

Note that all the results cited from do not use properness of the
local model structure, only properness of A°° PShv(T). |

This provides another proof of the properness results from [MV99, Theorem
2.3.2] resp. [Jar00, Theorem A.5].

REMARK 4.3.17 Note also the following interesting relation between properness
and sharp maps. After [Definttion 3.3.94 we have seen that in a proper model cat-
egory all fibrations are sharp. Cisinski’s result in [Cis02, Theorem 4.8] is some
kind of converse of this: The f-local model category is right proper if all non-local
fibrations are f-local sharp maps.

4.4 Applications and Examples

In this section, we will mainly focus on how to apply [Lheorem 4.3.10] to construct
fibre sequences in A'-homotopy. There are several situations in which one can
directly apply this theorem, namely if the base is local or the fibre has a local
classifying space. Everything beyond that involves more geometry, as we will
discuss in There are however interesting fibre sequences which are easy
corollaries of [[Theorem 4.3.10land we will discuss these in the following. These fibre
sequences will allow to reduce the computation of homotopy groups of algebraic
groups over a field to the computation of homotopy groups of Chevalley groups.
We also deduce a description of the fundamental group of the projective line P!
from an A'-local version of Ganea’s theorem.

Examples of Geometric Fibre Sequences: We start with the case of a local
base. The following corollary is already a consequence of [[heorem 4.3

PROPOSITION 4.4.1 Let F — E — B be a fibre sequence of simplicial presheaves
in A°® PShv(Smg). If B is Al-local, then this fibre sequence is an A'-local fibre
sequence.

Recall from [MV99, Example 3.2.4] that a scheme X over S is called Al-rigid
if for any smooth scheme U over S, the morphism

Homg (U, X) — Homg (U x Al, X)
is a bijection. In the following, we will list some examples of Al-rigid schemes.

EXAMPLE 4.4.2 Let S be any scheme, and let X — S be a smooth morphism
whose fibres are smooth curves of genus g > 1 or abelian varieties. Then X is an

Al-rigid S-scheme, cf. [MV99, Example 3.2.4]. O

EXAMPLE 4.4.3 Let S be a regular scheme. Then G, is A'-rigid. More generally,
from the elementary facts in [Proposition 4.1.0] it follows that (G,,)" is Al-rigid
for any n > 1. This can even be extended to more general tori: Let T be an
isotrivial torus over S, i.e. there exists a finite étale morphism S’ — S such that
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S xs T = (Gy,s)"™ The theory of étale descent then shows that S-morphisms
U — T are in bijective correspondence with S’-morphisms U xg S — (G, 57)"
equipped with descent data. By rigidity, we have a bijection

Homsr(U Xgs SI, (Gmﬁ/)n) — HomS/((U X Al) XS SI, (Gmﬁl)n).

Since this morphism is induced by the projection U xg S’ x A}q, — U xg 8, any
morphism in the right-hand side which has descent data comes from a morphism
on the left-hand side which also has descent data. This implies rigidity of non-split
tori over a regular base.

This is not true for non-regular schemes. Over Speckl[t]/(t?), the sheaf G,,
does not have homotopy invariance, since a polynomial ring can have non-constant
invertible polynomials whose non-constant coefficients are nilpotent, cf. [MV99,
Example 3.2.10]. O

EXAMPLE 4.4.4 Let S be a regular scheme, and let X be a semi-abelian variety,
i.e. there is an exact sequence of groups

(Gp)" — X — A,

where A is an abelian variety. It follows from [Example 4.4.2] [Example 3.3.10] and

[Proposition 4.4.1] that this is an Al-local fibre sequence. From the
fibre is Al-local, therefore the total space X is Al-local as well. O

EXAMPLE 4.4.5 Let S be any base scheme, and let G be a finite étale group
schemes over S. Then G is Al-local, cf. [MV99, Proposition 4.3.5]. O

As remarked earlier, the Al-rigid schemes are almost the analogues of hyper-
bolic manifolds. In complex analytic geometry, there are no holomorphic maps
C — X for X a hyperbolic manifold, since this is uniformized by some hyperbolic
space H". Therefore, anabelian varieties should be Al-rigid. This is however not
a precise result since there is no precise definition of anabelian variety. Note how-
ever, that also tori are Al-rigid, whereas a complex torus is not hyperbolic. The
reason is that the morphism exp : C — C* is holomorphic, but can not be made
algebraic.

It follows from the above discussion, that any geometric fibration p : E — B of
smooth schemes with an Al-local base B, induces a fibre sequence in the Al-local
model structure. One particular case of this is a family of schemes over a curve of
genus > 1. Geometric fibre sequence with an Al-rigid scheme as base are however
not very helpful, since the base is homotopy discrete, and therefore contributes
only to the mp-part of the long exact sequence of homotopy groups. The local
version of the Ganea theorem we will discuss later also applies [Proposition 4.4.1}
but to simplicial presheaves which are not discrete. These results are much more
interesting, cf. [Proposition 4.4.25|

Next, we want to study fibre sequences such that the classifying space of the
(localization of the) fibre is Al-local. This implies that any L s F-fibre sequence
over a weakly f-contractible simplicial presheaf will then be trivial.
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PROPOSITION 4.4.6 Let F — E 25 B be a fibre sequence of simplicial presheaves
in A° PShv(Smg). If B'F is Al-local, then this fibre sequence is an A'-local
fibre sequence. To obtain this conclusion, it suffices that the morphism B — BfF
classifying p factors through a local simplicial presheaf.

The following important classifying spaces are known to be Al-local: The clas-
sifying space of the multiplicative group G,, is Al-local over a regular base scheme
S, cf. [MV99, Proposition 4.3.8] and the classifying space BgG of a finite étale
group scheme G over a base S is Al-local if the order of G is prime to the character-
istic of S, cf. [MV99l Proposition 4.3.1]. From this we get the following examples
of Al-local fibre sequences:

EXAMPLE 4.4.7 Any finite étale covering ¢ : £ — B induces an A'-local fibre
sequence Gal(FE/B) — E — B if either the degree of g is prime to the characteristic
of S or the base B is Al-local.

The first one is [Proposition 4.4.6] the second one is [Proposition 4.4.1] applied
to the simplicial fibre sequence Gal(E/B) — E — B from This

has also been proven in [Mor(O6b, Lemma 4.5]. O

EXAMPLE 4.4.8 Let F be a simplicial presheaf which is A'-weakly equivalent to a
hypersurface of general type. Let f: E — B be a (étale) locally trivial morphism
with fibre F. Then the transition maps in a trivialization are automorphisms of
F', and it is known that the automorphism group of a hypersurface of general type
is a finite group scheme. We assume it is étale of order prime to the characteristic
of the base scheme S, which is clear if S is a field of characteristic zero.

Then f € B/L;iF is in the image of the change-of-fibre morphism BgG —
BTL1F, cf. [Proposition 3.2.20} since its transition maps are point-set automor-
phisms. Therefore the second condition in [Proposition 4.4.6] is satisfied: f is clas-
sified by a morphism which factors through the A'-local space BgG.

Therefore we obtain an Al-local fibre sequence F' — E — B. U

EXAMPLE 4.4.9 Let S be any regular scheme. Any G,,-torsor over a smooth S-
scheme X induces a fibre sequence G,, — E — X. This follows since BG,, is
Al-local. This was also noted in [Mor(6b, Example 4.6(1)].

One of the more interesting examples of such a situation are the Hopf fibrations

G — A"\ {0} — P L.

These are A'-local fibre sequences for any regular base scheme S and therefore the
homotopy type of P is almost the same as the homotopy type of the sphere: The
projection A"\ {0} — P"~! induces isomorphisms on sheaves of homotopy groups

T4 A"\ {0}) — @A (P

for any n > 2.

Similarly, the complement of a hyperbolic quadric can be described using G-
torsors, cf. [DI05, Proposition 5.6]: Let k be a field and let ¢(x1,...,z,) be a
quadratic form. The equation ¢(z1,...,2,) = 0 defines an affine quadric AQ(q) —
A" and a projective quadric PQ(q) < P"~!. As in [DI05, Proposition 5.6], we
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assume that ¢ is hyperbolic and non-degenerate. The proof of [DI05, Proposition
5.6] shows that there are fibre sequences

Gm x A1 — AP\ AQ(g) — AF\ {0},

where n = 2k, and the total space is the complement of the affine quadric AQ(q)
in A™. By [Proposition 4.4.6 we know that these are Al-local fibre sequences and
therefore

T8 (A% \ AQ(q)) — i (AR {0})

is an isomorphism of sheaves of groups for any n > 2. Similarly, the torsor
G — A%\ AQ(q) — P71\ PQ(g)

is an Al-local fibre sequence and therefore the homotopy group sheaves m, for
n > 2 are those of the projective space P21, O

EXAMPLE 4.4.10 Finally, we can consider an A!-contractible fibre F. It follows
that BfLy1F ~ Bf(x) ~ % and therefore any smooth morphism f : X — Y of
smooth schemes, which is locally trivial in the Nisnevich topology and has an A'-
contractible fibre F, is a trivial fibration in the A'-local model structure. This was
already stated in [MV99, Example 3.2.3].

Note, that in the paper[AD07a] many examples of Al-contractible smooth
quasi-affine schemes are produced. From the above, we find that smooth fami-
lies of such schemes would also induce fibre sequences.

We further want to note that forms of A™ which may exist over a non-perfect
field are also contractible. A form of A™ is a scheme X over a field k such that
there exists a finite extension L/k over which A™ x; L = X Xy L. Contractibility
of such a scheme follows since [Proposition 4.1.6] implies that

bt ( I1 Xa) ~ T2 (Xa).

Since the projection A" x;, L — Spec L is an A'-local weak equivalence, we have
Wﬁl (X xp L) = ﬂ'ﬁl(Spec L), but also Wﬁl (X xp L) = Wﬁl (X) x Wﬁl(Spec L). Such
a form is therefore Al-weakly contractible. O

We note that we do not know Al-locality of classifying spaces for more general
groups. However, as Fabien Morel has shown, the classifying space of simplicial
group Sing‘}l(GLn) is local. This implies that torsors under G L, induce A'-local
fibre sequences, cf. It does not seem plausible that H — G — G/H
is an Al-local fibre sequence for any homogeneous space under a linear algebraic
group. Some assumptions on the groups involved are probably necessary.

Homotopy Types of Algebraic Groups: In this paragraph we will describe
fibre sequences similar to those developed by Jardine in [Jar81l Har83, LTar84].
This allows to reduce the computations of the sheaves of homotopy groups of an
algebraic group to the case of semisimple, simply-connected algebraic groups. The
homotopy groups of the latter are rather complicated, related to unstable algebraic
K-theory. We refer to for a detailed discussion of such issues.
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We henceforth assume that the base scheme S = Speck is the spectrum of a
field. Some of the results are only valid over a perfect field, due to problems with
unipotent groups. In this situation, we reduce the description of the homotopy
type of a general algebraic group to a description of semisimple, simply connected
groups. We will apply several reduction steps: In the first step, we use Chevalley’s
theorem to show that it suffices to describe the case of a linear algebraic group. The
next steps reduce to the case of a connected linear algebraic group resp. semisimple
groups. Passing to the universal cover, the problem of computing homotopy groups
of algebraic groups boils down to the homotopy groups of split, semisimple, simply-
connected groups. These groups are Chevalley groups, whose homotopy groups can
be identified with Karoubi-Villamayor K-theory, at least for affine schemes over a
discrete valuation ring, cf. [Chapter 5} The case of non-split algebraic groups is
not yet clear at the moment, all we can say is that these groups are at least not
Al-rigid.

Recall that an algebraic group is a group object GG in the category of schemes
over a field k. The general referencesfor linear algebraic groups we will use are
[Bor91l [Wat79]. We will assume that our groups are smooth.

We begin recalling the theorem of Chevalley which states that each algebraic
group is locally the product of a linear algebraic group and an abelian variety.
This allows to reduce to the case of linear algebraic groups. For a statement of the
theorem, and a readable proof we refer to [Con02].

PROPOSITION 4.4.11 (CHEVALLEY’S THEOREM) Let k be a perfect field, and let
G be a smooth and connected algebraic group over k. Then there exists a unique
normal linear algebraic closed subgroup H in G for which G/H is an abelian vari-
ety. Therefore, there is an exact sequence of algebraic groups

H—G—A

with H a linear algebraic group and A an abelian variety.

COROLLARY 4.4.12 Let k be a perfect field, and let G be an algebraic group over
k. Then there is an A'-local fibre sequence

H- g2 A,

with H a linear algebraic group and A an abelian variety.
The induced morphism on my is a short exact sequence of sheaves of groups

0 — ' (H) = mi' (G) -2 A= ' (4) — 0,

and the inclusion of the fibre induces isomorphisms iy : T2 (H,z) — 72 (G, i(z))
for anyn > 1 and any choice of base point x € H.

PRroOOF: From [Example 3.3.10] we know that the sequence of morphisms of sheaves
of constant simplicial sets H — G — A is a fibre sequence in the simplicial model
structure. The base is an abelian variety, so Al-rigid and therefore local. From
Mheorem 4.3.10], this fibre sequence is preserved by Al-localization.
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Since the abelian variety A is Al-local, we have 72" (4, %) = 0 for any n > 1
and any choice of base point. From the long exact sequence for the fibre sequence,
cf. [Proposition 2.1.T1] we get the isomorphisms claimed. |

A similar proof yields the following statement which reduces the homotopy
type of a linear algebraic group to that of a connected group.

PROPOSITION 4.4.13 Let G be a linear algebraic group over k. Then there exists
an A'-local fibre sequence

QL a P H.

where H is a finite étale group over k. Therefore there exists a short exact sequence
0 — i (G°) == (G) "~ H = n{ (H) — 0,

and the inclusion of the fibre induces isomorphisms i : Wﬁl(Go,x) — ﬂ'ﬁl(G,i(x))
for any n > 1 and any choice of base point x € GV.

PrOOF: That the group of connected components of a linear algebraic group is a
finite étale group scheme is stated in [Waf79, Theorem 6.7]. The Al-rigidity for a
finite étale group scheme follows from [MV99l Proposition 4.3.5]. |

Next we will study the homotopy types of solvable groups, which will allow to
show that the quotient G — G/RG induces an A'-local fibre sequence with fibre
the solvable radical RG of G. We begin with unipotent groups. Recall [DGT0,
Exposé XVII, Proposition 4.1.1] that a smooth connected linear algebraic group is
unipotent if it has a filtration {1} = U, C U,—1 C --- C Uy C Uy = U such that
Ui+1 is normal in U; and the quotient U;/U;4q is isomorphic to (a form of) the
additive group G,. Note that such forms only exist over non-perfect fields, since
for a perfect field k we have H'(k,G,) = 0.

PROPOSITION 4.4.14 Let G be a smooth connected linear algebraic group scheme
over k, and let R,G denote the unipotent radical. Then there is an A'-local weak
equivalence ¢ : G — G/R,G. Therefore any connected linear algebraic group has
the homotopy type of a reductive group.

PRrROOF: We use induction on the filtration with subquotients (forms of) G,. These
are contractible, cf. [Example 4.4.10} For the inductive step, one uses the A'-local
fibre sequence

Uir1 — U — G

By assumption U,y is contractible, and [Example 4.4.10] implies that this is an
Al-local trivial fibration with contractible base. Therefore U; is contractible. We
conclude that any smooth connected unipotent group over k is contractible.

By [Example 4.4.10] again, we obtain that ¢ : G — G/R,G is an Al-local trivial
fibration. |

REMARK 4.4.15 There are of course also mon-smooth unipotent groups, the key
examples are given by

(—)r"

ayn = ker (Ga E— Ga)-
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These are also contractible, since any morphism from a smooth local henselian
k-scheme Spec R — apn factors through Speck. It follows that any connected
unipotent linear algebraic group is A'-contractible.

We are going to reproduce Jardine’s result [Jar84, Theorem 1] in the setting of
Al-homotopy theory. For this we need to determine when the classifying space of
a group 71" of multiplicative type is Al-local. We introduce the following notation:
For the torus T there is the following exact sequence of groups of multiplicative
type

1T =T —p—1,

where p is finite étale and T° is connected.

PROPOSITION 4.4.16 Let k be a field. Then any surjective homomorphism ¢ :
G — H of algebraic groups with kernel a group of multiplicative type T induces an
Al-local fibration sequence
TG-S H,
if one of the following conditions are satisfied:
(i) The characteristic of k is zero, or

(ii) the connected part of T is split.

In this case, the inclusion of the fibre induces isomorphisms i, : WQI(G,x) —
Wﬁl (H,p(x)) for any n > 2 and any choice of base point € G.

PROOF: We have seen in that a group T of multiplicative type over
a field k is Al-rigid. It follows from [CTO92, Theorem 4.2] that the sheaf of groups

U +— HY(U,T) satisfies Al-invariance if k has characteristic zero or if the order of
1 is prime to the characteristic of k and the connected part is split.

Therefore the classifying space BT of a group 1" of multiplicative type satisfying
the above restrictions is A'-local.

The group G is a T-torsor over H, therefore it induces a simplicial fibre sequence
and is thus classified by a morphism into BT, the classifying space of T-torsors.
This is local by the argument above, so[Proposition 4.4.6]implies that 7' — G — H
is an Al-local fibre sequence. |

REMARK 4.4.17 It seems reasonable to expect that the methods in the proof of
[CT0O92, Theorem 4.2] generalize to show that the classifying space of a torus T
over a field is A'-local if the following two conditions are satisfied:

(i) The order of p is prime to the characteristic of k, and

(ii) the connected part T° splits over an extension L/k of degree [L : k] prime to
the characteristic of k.

Using the above results on unipotent groups and groups of multiplicative type,
we show how to describe the homotopy type of solvable algebraic groups. The
next intermediate step is the commutative linear algebraic groups, which can be
decomposed into a unipotent and a multiplicative part after [Waf79, Theorem 9.5].
This implies that commutative linear algebraic groups are homotopy discrete.
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LEMMA 4.4.18 Let k be a perfect field, and let G be a commutative linear algebraic
group over k. Then there exists a unipotent group G, a group of multiplicative
type G5 and an isomorphism G = G, X Gj.

There are two ways to describe the homotopy type of a solvable linear algebraic
group. One way is to use the derived series G O DG O D?>G O --- D D"G =1
in an induction argument together with the fact that commutative groups can be
decomposed as above, cf. [Bor91l, Definition 1.2.4].

Another way is to use the fact that for any smooth connected solvable linear
algebraic group G over a perfect field k there exists a unique connected normal
algebraic subgroup G,, of G such that G,, is unipotent and G /G,, is of multiplicative
type, cf. [Wat79, Theorem 10.3]. This implies the existence of an A'-local fibre
sequence G, — G — G/G,, from which we get an Al-local weak equivalence
G — G/Gy.

PROPOSITION 4.4.19 For any solvable group G over a perfect field k there exists
a unipotent subgroup G, — G such that G/G, is of multiplicative type. The
projection ¢ : G — G /G, is an A'-local weak equivalence. The classifying space
BL;1G of Nisnevich torsors is therefore local if G/G,, satisfies the conditions of
|Proposition 4.4.16].

Under these conditions, any principal fibration with structure group G induces
an A'-local fibre sequence.

COROLLARY 4.4.20 For any smooth connected linear algebraic group G there is
an fibre sequence RG — G — G/RG, where RG denotes the solvable radical of
G. This fibre sequence is A'-local if the multiplicative quotient of RG satisfies the
conditions of [Proposition 4.4.16.

A linear algebraic group is semisimple, if its radical is trivial. In the above,
the group G/RG is semisimple. Such groups can still be further decomposed. On
the one hand, there are simply-connected semisimple groups, i.e. those which do
not have any nontrivial étale covering. On the other hand, one can decompose a
group into its simple factors.

PROPOSITION 4.4.21 Let G be a connected semisimple linear algebraic group over
a field k. Then there ezists a fibre sequence P — G — G, where G is a semisimple,
simply connected algebraic group, and P is a finite central subgroup of G. This fibre
sequence is A'-local if the order of P is prime to the characteristic of k.

The group G is usually called the universal covering of the semisimple group
G, cf. [SkoOTl Section 3.2]. Note that the results of this section imply that this is
not the universal covering in the sense of Al-homotopy theory.

Another way to make a semisimple group “simpler” is to decompose it into an
almost direct product of simple groups. We therefore get an A'-homotopy version
of [Jar8T, Theorem 3.2.5 and Corollary 3.2.6].

PROPOSITION 4.4.22 Let G be a connected smooth semisimple linear algebraic
group over k, and let Si,...,S, be the finite set of minimal connected normal
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algebraic subgroups of G of nonzero dimension. Then the multiplication homomor-
phism
m:S1 X xS, = G:(81,...,8,) — 81" Sp

s a surjective homomorphism with finite, étale, central kernel P. Therefore, if the
order of P is prime to the characteristic of k, the following is an A'-local fibre
sequence:

P S x- xS, 5 G.

In the latter situation, we have a short exact sequence of A'-homotopy group
sheaves:

n
0— Pt () —m(G) = P—0,
i=1
and for all I > 2, the multiplication map induces isomorphisms
n
Dl (5) — = (C)
i=1

PRrROOF: The algebraic argument works as in the proof of [Jar81, Theorem 3.2.5].
That the corresponding morphism induces a fibre sequence if the order of P is
prime to the characteristic of k follows from [Proposition 4.4.6]

The right exactness of the short exact sequence of m-sheaves follows since the
functor K7 (G, R) is trivial for any simple, simply connected group G and semi-local
ring R. The group of connected components can be identified with K;. |

We have seen how to reduce the computation of homotopy groups of algebraic
groups to those of simple algebraic groups, using fibre sequences in A'-homotopy
theory. Together with the results of this implies that the higher homo-
topy group sheaves for an algebraic group G are direct sums of unstable K-groups
if the maximal torus of G is split. The fundamental groupoid then depends on the
various pieces encountered in the reduction steps, like the connected components,
the solvable radical etc. We will conclude the discussion of homotopy types of
algebraic groups with two remarks on the homotopy types of anisotropic groups
and on the situation over more general base schemes.

REMARK 4.4.23 It is not yet clear how to describe the homotopy groups of non-
split simple algebraic groups, i.e. groups, whose maximal torus does not split over
the base field. First we note, that although the unit of a non-split semisimple group
is the only k-rational point, such a group is not Al-rigid: Let L/k be a splitting
field for the anisotropic group G, which exists since any connected, reductive group
splits over a finite separable extension of the base field [Bord1, Corollary V.18.8].
Then there are nontrivial morphisms A" X, L — G Xy L, and therefore there can
not be a bijective correspondence

Homy(L,G x L) = Homy(L,G) — Homy(A! x L,G) = Homp(A' x L,G x L).

The idea is to consider G X L as a split semisimple group over L, where we
can determine its A'-homotopy type as an L-scheme. Then we push forward this
homotopy type along the finite morphism f : Spec L — Speck. Using [MV99,
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Proposition 3.1.27 and Proposition 3.2.12], we find that the following composition
is a weak equivalence for any simplicial presheaf X :

Fo(X) = RA(X) — R £(X).

In this, RAlf*(kaL) 1s the right homotopy type for G X L as a k-scheme, and its

homotopy groups at the henselian local k-algebra R over k are given by computing

the homotopy groups of G Xy L at the henselian local L-algebra R ®i L. Having

the homotopy type of G X L as a k-scheme, we could use the product formula
™G x, L) = 72 (G) x 7 (L/K).

n

Therein, G is an anisotropic semisimple group and L is a splitting field. The latter
description does not however seem to account for the geometry of forms of algebraic
groups.

REMARK 4.4.24 Qwer an arbitrary base scheme S, the whole theory does not work
properly, due to several reasons: First, if the base is not reqular, the multiplicative
group G, is not A'-local, and it seems to be difficult to determine its A'-homotopy
type and the homotopy type of its classifying space, cf. [MV9Y, Example 3.2.10].
Therefore the immediate restriction is to reqular base schemes. Second, it is not
yet clear if the restrictions of[Proposttion 4.4.16 can be lifted, so we are not sure if
a group of multiplicative type has an A'-local classifying space over a regqular base
scheme. Finally, all geometric decomposition results in which unipotent groups
appear are only handled over (perfect) fields. These results include the Chevalley
theorem, the structure theorem for commutative linear algebraic groups, and the
definition of reductive groups via the unipotent radical. Summing up, we do not
know enough about the geometry of algebraic groups over general bases to completely
describe their A'-homotopy types.

A Local Version of Ganea’s Theorem: In this paragraph we apply the local-
ization result from [[heorem 4.3.10l to the fibre sequences coming out of Ganea’s
theorem which we discussed in

The fibre of the fold map of a local simplicial presheaf can be determined
by the following proposition. Note however, that although QL;X is local by
[Proposition 4.1.6], it is not necessarily the localization of 2.X.

PROPOSITION 4.4.25 Let T' be a Grothendieck site, and let Ly be a nullification
functor on A°® PShv(T'). Then for any simplicial presheaf X, the following is an
f-local fibre sequence:

SOL;X — LX VL X —— LyX.

This is a direct corollary from [Proposition 3.3.11] and [Theorem 4310 since
LyX is of course local. The generalized version for a finite set of simplicial
presheaves follows similarly.

PROPOSITION 4.4.26 For any finite set of simplicial presheaves Xy, ..., X,, the
following fibre sequence is f-local:

OL;Xo# - % QL X, — W(L;Xo, ..., LyXn) — Ly Xo % -+ x LyX,.
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Finally, also [Proposition 3.3.18 has a local version, which should have interest-
ing applications to A'-homotopy related to the Hilton-Milnor theorem, the EHP-
sequence [Gan65] or construction of homotopy decompositions [Sel96].

Note that the 2L ;X in the fibre is there because a priori the spaces in the fibre
sequence need not be local. This loop space is the only homotopy limit, and we
make sure it has the right homotopy type. The other constructions are homotopy
colimits, and these “commute” with localization, cf. [Proposition 4.1.7}

PROPOSITION 4.4.27 Let again T be a Grothendieck site, and Ly be a localization
functor on A°° PShv(T). For any f-local fibre sequence F — E — B of simplicial
presheaves there is another f-local fibre sequence

F*QLfB—>E/F—>B.

PRroOOF: For a given f-local fibre sequence F' — FE L, B we can rectify it to
an f-local fibration p of f-local and fibrant objects E and B, cf.
This uses properness of the local model structure, cf. [Theorem 4374 Applying
[Proposition 3.3.1§] to this fibre sequence of simplicial presheaves, we get a fibre
sequence of the desired form. This fibre sequence is an f-local fibre sequence by

[Mheorem 4310 since B was chosen to be f-local. [ |

The Fundamental Group of P!: As already mentioned there are particu-
larly beautiful instantiations of Ganea’s theorem. Applying [Proposition 4.4.25|
to [Example 3.3.12] yields an interesting fibre sequence which can be used to give a
description of 72 (P!) different from the one in [MorO6H].

Let S be a regular base scheme. Then the simplicial presheaf BG,, defined
on the site Smg with the Nisnevich topology is Al-local: Its homotopy groups are
given by the group of units and the Picard group, and these are known to satisfy
Al-invariance for regular schemes, cf. [MV99], Proposition 4.3.8]. Since we have the
Al-local weak equivalence ©1G,, ~ P!, we obtain the following beautiful A!-local
fibre sequence:

Ly YlG,, ~ P! — P®VP® — P,

The first general conclusion about the Al-local homotopy type of P! we can
draw is that for n > 2, there are isomorphisms of homotopy group sheaves

A (P1) = 7 (P v PX),

which follows since ﬂ'ﬁl () = ﬂ'ﬁl (BG,) =0 for n > 2.

To say something about the fundamental group, we need a version of the van-
Kampen theorem, enabling us to compute the homotopy of the wedge sum. We
would of course expect that

! (B v Px) = o (P®) % 7 (PX),

where the * denotes the free product of (strongly Al-invariant) sheaves of groups.
The van-Kampen theorem holds of course for simplicial sheaves over an arbitrary
base, but it does not necessarily hold for the A'-local model structure, due to
complications with the localization functors. It is not clear if we can expect a
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van-Kampen theorem in situations where Al-connectivity fails [Ayo06]. It seems
plausible to expect something like this over a base S = Spec R for R a Dedekind
ring, but at the moment we only know it over a field, cf. [Mor(6h].

PROPOSITION 4.4.28 Let k be any field. Then 7T‘1*1 (PY) as a sheaf of groups is
isomorphic to the kernel of the fold map:

Vi Gk G — G (1, 4 10n) 1= 21+,

The notation (uq, ..., u,) describes a general reduced word element of the free prod-
uct, written as a sequence of units, which under the fold map is mapped to the
product of these units.

Note that G, * Gy, : U +— GF(U) * 05 (U) is already a sheaf. We hence can
describe the fundamental group sheaf of P! as follows:

11 (PL)(U) = ker(G(U) * O (U) — 65 (U)).

This provides a slightly different perspective on Morel’s results from [MorO6b]:
On the one hand, we obtain a computation of 71"1&1 (P!) which is independent of the
definition of Milnor-Witt K-theory. On the other hand, using Morel’s identification
of this fundamental group as Milnor-Witt K-theory, we obtain a description of the
KMW directly in terms of units. Note also that we get a fibre sequence which
is valid for a general regular base scheme S and therefore we can compute the
non-localized homotopy groups of XG,,, cf. [Example 3.3.12] Any information on
the Al-local fundamental group of P Vv P> will yield a presentation of 7T‘1*1 (P1) as
above over more general bases.

In a similar vein, we can get a general fibre sequence describing the fundamental
group of A%\ {0}, yielding an A'-local counterpart to [Example 3.9.14, Using
[Proposition 4.4.26] with Xg = X; = BG,,, we obtain for any regular base scheme
S an Al-local fibre sequence

G * Gy ~ A2\ {0} — P® VP> — P> x P,

The Al-local weak equivalence G, * G,, ~ A%\ {0} follows, since the join G, * G,,
is defined as the homotopy pushout of the following diagram:

Gy <2 G,y X Gy 225 Gy

A particular Al-local cofibrant resolution of this diagram is the covering of A2\ {0}
by G,, x Al and A! x G,,, glued together along G,, x G,,.

In the case of a base field k, we can again identify the fundamental group
of PV P> and we get the following presentation of the fundamental group of

A%\ {0}:

T (AR \ {0})(U) = ker(G; (U) * G5 (U) — 6;(U) x G;(U)).
The morphism above is induced from the “abelianization” P Vv P*° — P> x
P>, and therefore takes a reduced word (a1,b1,...,an,b,) in G} (U) * 0} (U) with

a; from the first factor and b; from the second factor to the pair of products
(a1 ---an,b1---by) € OF(U) x O4(U).
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We want to note that the above presentations also allow for a simple explanation
of the morphisms in the exact sequence

0— 7' (A%\ {0}) -2 =t (PY) 25 G, — 0

induced from the A'-local fibre sequence G,, — A2\ {0} 2= P! via the long
exact sequence of [Proposition 2.1.11] The morphism p, is basically the iden-
tity, taking a reduced word (ai,b1,...,an,b,) € OF(U) x 05 (U) with a1 ---a, =
by --- by = 1 to the same word in ﬂi*l (P1) since ay - - - apby - - - by, = 1. On the other
hand, the boundary map 0 can be described as follows: For any reduced word
(a1,b1,...,an,by,) representing a class in 7T‘1*1 (PY) we have ay---ay = (by---by) 7"
but not necessarily a; - - - a, = 1. This provides the element 9(ay,b1,...,an,b,) =
ai---an in OF(U).

Note that the non-commutativity of the fundamental groups of P! and A%\ {0}
is rather clearly visible from the above Al-local fibre sequences.

To round off the discussion, let us note that using [Proposition 4.4.27] we can
also describe the fibre of the adjunction morphism QX — X, also called the
homology suspension in [Gan65]. For any A!-local simplicial presheaf X, we have
an Al-local fibre sequence

QX x0X - YXO0X — X.

This follows by applying[Proposition 4.4.27|to the path-space fibre sequence QX —
* — X. In the special case of X = BG,, we obtain over any regular base scheme
S the fibre sequence associated to the G,,-covering of P*:

AZ\{O} — P! — P,

It seems plausible that [Proposition 4.4.27] can also be used to provide gener-
alizations of [Gan65l, Proposition 2.1 and Theorem 2.2], assuming we have the
van-Kampen theorem and the Hurewicz homomorphism available. Such results
would yield other methods of computing with A'-homology sheaves at least over
a field, where the above theorems are known. We will however not discuss these
issues in this thesis.

Al-Local Classifying Spaces: In this paragraph, we will discuss the existence
of classifying spaces for fibre sequences in the A!-local model structure. Such
statements can not be proven using the machinery of since we do not
know homotopy distributivity for these model structures.

By applying the localization criterion from [Theorem 4.3.10] to the universal
fibre sequences produced by [[heorem 3.2.17, we obtain sufficient criteria for the
representability of the fibre sequence functor in the A'-local model structures:

PROPOSITION 4.4.29 Let T be a Grothendieck site, let g : X — Y be a morphism
of simplicial presheaves in A°° PShv(T') such that Lg admits a fibrewise version,
and let ' be a simplicial presheaf. Then Lng F represents the functor

%Al(—,F) :B—{p:F—FE— B| pisan Al-local fibre sequence }
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if the fibre sequence
L,F - E' — AL, B'F

is trivial. As in[Theorem 4.3.10, this fibre sequence is the pullback of the fibrewise
localization of the universal fibre sequence F — EXF — BfF along

Ap,B'F = hofib(B'F — L,B'F) — B'F.

One example of a situation where this is satisfied is the Al-localization of
A°P PShv(Smy,) where k is a field of characteristic zero, applied to A'-local classi-
fying spaces such as the classifying space BT of Nisnevich torsors under a group T
of multiplicative type or the classifying space BgG of étale torsors under a finite
group G. Thereby we recover the known results that the above spaces are classi-
fying spaces also in the Al-local model structures. Such results could be extended
with the usual provisos, like the order of G should be prime to the characteristic
of the field k.

Another way to express the condition of [Proposition 4.4.29] is the following;:
The fibrewise localization construction of implies the existence of a
morphism B/F — Bf LyF classifying this fibrewise localization. The universal
fibre sequence is a g-local fibre sequence if the composition ALng F — BfF —
B/ L,F is null-homotopic.

We see that the locality of B F is not necessary for the fibre sequence functor
to be representable in the local model structure. If the conditions of the above
proposition are satisfied, then

L,F — Ly L,F — LyB'L,F

is the g-local universal fibre sequence with fibre F'.

Since the classical methods of constructing classifying spaces resp. universal
fibre sequences are not known to work in the localized model structure, it seems
difficult to construct local universal fibre sequences for spaces F' for which the
sequence F' — EfF — BYF is not local. Moreover, since we have seen throughout
this chapter, that being Al-local is a rather “global” property for a fibre sequence,
it seems rather unlikely that the local fibre sequence functor

%Al(—,F) :B—{p:F—FE— B]| pisan Al-local fibre sequence }

should satisfy homotopy-continuity in general. This would require control on how
the homotopy fibre of the localization behaves under homotopy colimits, which is
impossible.
We can even say more: If the universal fibre sequence ' — E/F — BTF for
a simplicial presheaf F' is not local, but the fibre sequence is locally trivial in the
topology of the site T', then the fibre sequence functor
%A

1(—, F):Bw~{p:F — FE — B| pis an Al-local fibre sequence }

does not have the Mayer-Vietoris property. Hence it simply can not be repre-
sentable. The same conclusion can be obtained if there exists some F-fibre se-
quence which is locally trivial and not local. The argument is as follows: Since the
fibre sequence F' — E — B is locally trivial, we can write it in A°°? PShv(T) as

F — hocolim ¢*(F) — hocolim o,
TxA|B TxA|B
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where o runs over all simplices 0 : U x A™ — B. Moreover, we can replace
the site T" with a site 7" such that Sho(T) = Shv(T') and all the above fibre
sequences are actually trivial, cf. the proof of [Theorem 4.2.T20 Since the resulting
fibre sequences are trivial, they are in particular g-local. Moreover, the homotopy
colimits commute with the localization, in the sense that

L, hTonglligl o*(E) ~ L, hToXcglligl Lyo*(E),

cf. [Proposition 4.1.7 Therefore the g-local homotopy colimit of the above local
fibre sequences is the sequence Ly F' — LyE — L,B. But this is by assumption not
a fibre sequence, Ly F' is not the local homotopy fibre of LyE — LyB. Therefore
the Mayer-Vietoris property fails for the local fibre sequence functor, whence it
can not be representable.

We therefore see, that it is basically no restriction to first construct classifying
spaces for simplicial presheaves and then check if the corresponding universal fibre
sequences localize. The above argument also shows that if there are fibre sequences
which are not g-local but T-locally trivial, then homotopy distributivity fails in
the g-local model category. This implies the failure of fibrewise localization, and
therefore the behaviour of fibre sequences under further localizations is not clear:
The methods of this chapter can not be applied in the A'-local category to study
its localizations. The localization criterion [Theorem 4.3.10] fails, and new methods
have to be developed to understand how Al-local fibre sequences behave under
further localizations.

As already remarked in Becfion 3.2, the most interesting universal fibre se-
quence to investigate for locality is the one classifying spherical fibrations

Ly 8% — BT (L S*™™) — B Ly 8%,

for its relevance to a motivic surgery program. Showing that the above fibre
sequence is local however needs much more geometry than we can afford at the
moment.

Non-Local Fibre Sequences: From the discussion in the previous paragraph,
we can now extract the difficulties in constructing non-local fibre sequences. To
show that a fibre sequence F — E — B is not Al-local, we would have to first
compute the fibrewise nullification L1 F — E — B, then compute the A'-nonlocal
part ALAlB7 and then prove that the pulled back fibre sequence Ly F — E' —
AL,, B does not split up to homotopy.

Considering the difficulties in each task, it seems better to look for cases in
which one of the steps above is easy. The approach which is most promising due to
the amount of literature is to come up with a fibre sequence over an A'-contractible
variety. We list some examples, without giving definite results.

ExaMPLE 4.4.30 There is a very simple example of non-local fibre sequence: Let
k be a field of characteristic p > 0, and recall that the work of Harbater and
Raynaud on the Abhyankar conjecture implies the existence of a whole lot of étale
coverings of Aj. Note that by [MV99, Proposition 4.3.3], the classifying space
B G for G an étale p-group scheme is contractible in the A'-local model structure
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over k. Therefore we consider a quasi p-group G of order divisible by p but not
a power of p. As an example, we note that the alternating group A, of degree
n > 2 is a quasi 3-group whose order is (n!/2) and therefore not a power of 3. By
the work of Raynaud [Ray94], every quasi-p group appears as étale covering of the
affine line in characteristic p, and we obtain a simplicial fibre sequence

G— X — Al

as in [Example 3.3.9) The two steps in the proof of non-locality become rather
easy: Since G is just a finite group, it is Al-local and we do not have to do a
fibrewise localization. Since the base is A', we do not have to compute the non-
local part. All we have to do to apply [[heorem 4.3.T0lis check if this fibre sequence
is not trivial, which follows since G is Al-local and obviously not contractible. This
implies that BG is not A'-local, since there exists a non-contractible map A! — BG
classifying the above nontrivial and non-localétale cover with covering group G.
This moreover implies that the universal G-covering G — EG — BG is not Al-
local, since the fibre sequence produced above is a pullback of the universal fibre
sequence.

Note that the BG we are using above can be either Bg G in the terminology
of [MV99] or the classifying space for fibre sequences with fibre G. This is wrong
for the classifying space of G-torsors BG, by [MV99, Proposition 4.3.5] which says
that the classifying space of G-torsors is A'-local over a general base. This is due
to the fact that the p-coverings we were considering above are not locally trivial
in the Nisnevich topology. (]

EXAMPLE 4.4.31 Another interesting example to look at are the smooth quasi-
affine Al-contractible varieties produced in [AD07a]. There do exist lots of non-
trivial vector bundles on these varieties, which are described in [ADO7D]. Of course,
by homotopy invariance of K-theory, all of these vector bundles have to be stably
trivial. Considered as fibre sequences with fibre A, they are also A'-local fibre
sequences which do not yield any information at all, since all spaces involved are
contractible. However, the corresponding GL,-torsors are non-trivial, and the
question is, if the corresponding simplicial fibre sequence GL, — E — B with
B smooth quasi-affine contractible is an Al-local fibre sequence. Note that the
nontriviality of the above sequence is not enough, we have to compute the fibrewise
localization of the G L,-torsor to decide this question.

It would suffice to show that the morphism H'(X,GL,) — HY(X,K1,) in-
duced by GL,, — K1, = GL,/E, applied to the above GL,-torsors yields trivial
Ki-torsors: The change-of-fibre for GL,, — Sing‘}l(GLn) would result in con-
stant transition maps, which are all homotopic to the identity if the corresponding
K, = ﬂo(Sing‘}l(GLn))—torsor is trivial. It should be possible to do this, since
the quotients on which these nontrivial G L,-torsors live are all quotients of affine
space A™ modulo the action of a unipotent group.

One way to see it is the following: From [ADO7bl, Corollary 3.1], we get non-
trivial vector bundles of arbitrarily large rank. We can therefore choose the
corresponding GL,-torsors such that n is in the stable range. Then we have
HY(X,Ki,) & H'(X,K;). The latter is trivial for contractible schemes, by ho-
motopy invariance and descent for K-theory.



132 CHAPTER 4. FIBREWISE LOCALIZATION

However, it should also be possible to show by an explicit description of the
cocycles involved that the corresponding G L,-torsors have a reduction to E,, and
therefore applying the change-of-fibre construction for GL,, — Sing‘}1 (GL,) should
result in trivial Sing‘}l(GLn)—torsors. We conjecture that this is always the case:
For any non-trivial vector bundle E — B on a smooth Al-contractible variety
B, the corresponding GL,-torsor GL,, — E' — B becomes trivial after fibrewise
replacing GL,, by Sing‘}l(GLn). Therefore the fibre sequence GL,, — E' — B is
an Al-local fibre sequence and induces a Al-local weak equivalence GL,, — F'.

This implies that the isomorphism

Hyoo(X,GLy) — Hp, (X, Sing (GLy))

from [Mor(07, Theorem 2.2.1] can not be extended to arbitrary smooth schemes
X over a field k. What we have seen in this paragraph are non-trivial elements
in the kernel of the above map for a smooth quasi-affine A'-contractible scheme.
On the other hand, it follows from [Mor(7, Theorem 12 and Remark 2.1.1] that
the classifying space of Sing‘;&l(GLn) is Sing‘;&1 (Gry), which is Al-local. Therefore
H) (X, Sing®' (GL,,)) satisfies homotopy invariance, and describes the pointed set
of connected components of the Grassmannians Gr,.

Summing up, the exotic GL,-torsors do not actually provide examples of non-
local fibre sequences. The localization theorem can be applied, because the fibre-
wise localizations over Al-contractible schemes yield trivial Sing‘;&l(GLn)—torsors,
and therefore any exotic GL,-torsor GL, — E — B over an A'-contractible
smooth scheme B yields an Al-local fibre sequence

Sing®' (GL,) — Sing®' (E) — Sing®' (B).

In particular, the total spaces of these torsors provide schemes which are Al-weakly
equivalent to GL,,. O

ExXAaMPLE 4.4.32 The quadratic situation, i.e. the theory of inner product spaces
provides similar examples to look at: Stably, the functors associating to a scheme
the category of inner product spaces satisfy homotopy invariance and patching, and
therefore the Witt groups and hermitian K-theory are representable in the A'-local
model structures [Hor(5]. On the other hand, the unstable situation differs much
from the stable situation, and the quadratic analogue of Serre’s conjecture fails,
cf. [Lam06, Chapter VII]. This implies that one does not have to pass to exotic
Al-contractible schemes to get the failure of homotopy invariance as in the case of
projective modules, there are already quadratic modules over ordinary affine space
A™ which are not extended.

Again the mere existence of non-extended inner product structures on modules
over a polynomial ring does not imply that the corresponding torsor is not an Al-
local fibre sequence. It is still necessary to apply a fibrewise localization. In the
paper [KS82], there are some criteria for quadratic bundles over A™ to be extended.
I have not yet come by a description of the fibrewise localization of non-extended
bundles. All I can say at this moment is the following corollary of the localization
result [[heorem 43,10k If such non-extended bundles do not become trivial after a
fibrewise localization, then the universal fibre sequence

Sing2' (0,,) — E'(Sing®' (0,,)) — B'Singl' (0,,)
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is not A'-local: Any morphism A" — B Sing‘}1 (Oy,) would factor through the non-
local part A LAle Sing‘}l(On) of the classifying space, and therefore the pullback
of the universal fibre sequence to the non-local part can therefore not be trivial.

O

Applications Beyond A'-Homotopy: By now, we have only considered appli-
cations of the localization theory developed to the nullifications of A°? PShv(Smg)
at the affine line A'. Of course there are other spaces at which we can localize and
hopefully get useful information.

On the one hand, unstable localization theory for topological spaces has been
used in [Bou94] to provide unstable analogues of the chromatic homotopy theory,
which aims at an understanding of the homotopy groups of spheres. A similar goal
to which to apply unstable localization theory to would be an understanding of
the global structure of the homotopy category of simplicial presheaves on a site T,
at least in algebraic geometric contexts like the Nisnevich or étale sites. We note
however that these methods do not extend to the localized model structures of A'-
homotopy theory, since fibrewise localization only works for simplicial presheaves.
Thus we can only track the behaviour of spaces under a localization functor if we
start from a model category of simplicial presheaves; if we start from an already lo-
calized model structure, we do not know homotopy distributivity, which blocks the
straightforward way of getting any information about what a localization functor
does to a space.

Another interesting localization functor to study would be Pl-nullification. The
result of a suitable construction should be something like a “birational homotopy
type”, similar to the birational motives that are obtained by localizing the category
of motives at the motive of P'. In dealing with A!-localization and in particular
connecting the homotopical behaviour with geometric phenomena, we always found
it tedious that the morphisms A! — X can not be assembled into something which
is meaningful from an algebraic geometry point of view. The space P! is much
better behaved in this respect, there are well-studied moduli spaces of rational
curves describing the morphisms P* — X.

Finally, we want to note that it might be profitable not only to study lo-
calizations, but also cellularizations of simplicial presheaves. In particular the
Gy-cellular spaces of [DI0O5] seem to be a very interesting subject to study, there
is a rich supply of complicated problems about higher homotopy group sheaves
generalizing K-theory yet to be discovered.
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Chapter 5

Geometry and Fibre Sequences

As we have seen in the previous chapter, the locality criterion [Cheorem 4.3 10l can
only be applied in situations where we have quite good control on the classifying
space of the fibre resp. on the base of the fibration. Therefore, the situation
in which we can apply the above theorem is that of a fibre sequence of schemes
F — E — B, where e.g. the base is local. Such fibre sequences tend to yield only
rather simple information: An exact sequence for my and 71 and isomorphisms
for the higher homotopy group sheaves, cf. [Corollary 4.4.12] or [Proposition 4.4.16]
Most of the more interesting fibre sequences involve spaces with nontrivial, i.e.
non-discrete, homotopy types, where it is more difficult to apply [Cheorem 4.3. 101

In this chapter, we will discuss geometric situations in which we can construct
fibre sequences between non-discrete spaces. What we are interested in are condi-
tions under which the spaces

Sing?' (X)(U) := Homgm (U x A%, X).

are as close as possible to being fibrant. Since the sites we consider are given
by cd-structures, we can use to reduce to the question when a
simplicial presheaf Simgfxl (X) has the Brown-Gersten property. This is however
only rarely the case, as an example of Morel shows: GL,-torsors over P! are not
the same as G Ly-torsors over P! x A! and therefore Sing‘ixl (Gry,) can not have the
Brown-Gersten property on the category of all smooth schemes. It seems likely
that only discrete simplicial sheaves have the Brown-Gersten property over all
smooth schemes over S. The next best approximation to fibrancy is the affine
Brown-Gersten property, where one requires only the Brown-Gersten property for
the class of affine schemes over S.

This affine Brown-Gersten property has been investigated by Morel in [Mor(7],
and is similar to the h-principle in complex analysis. In particular, the affine
Brown-Gersten property already follows, if we can patch together morphisms de-
fined on a covering of an affine scheme, which are only homotopic over the inter-
sections. Our main interest will be in proving this sort of patching theorems.

In [Mor(7] it is shown that the simplicial presheaf Sing‘}l(GLn) has the affine
Brown-Gersten property over a field k, and the main result of this chapter is
a generalization of this assertion to general Chevalley groups over an excellent
Dedekind ring. Having this affine Brown-Gersten property for Chevalley groups,
we sketch how to extend it to suitable homogeneous spaces.

135
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We will also be interested in the question when a morphism f : X — Y of
schemes with fibre F' yields a fibre sequence of simplicial presheaves

Sing®' (F) — Sing®' (X) — Sing? (V).

In the special case when the morphism is a fibre bundle, i.e. comes from a G-torsor
over Y via an action G x F' — F', this question can be reduced to the Serre problem
for G-torsors. This implies in particular that every projective space bundle over a
field of characteristic zero induces a fibre sequence of simplicial presheaves

Sing?' (P") — Sing® (E) — Sing?' (B).

In this chapter, we will exclusively work in the model category A°? PShv(Smg),
where we usually assume that the base S is the spectrum of an excellent Dedekind
ring. We use the Nisnevich topology, whence the points of the topos can be iden-
tified with henselian local rings smooth and of finite type over S. The methods
used in this chapter are very much inspired by Morel’s preprint [Mor(7].

The chapter is structured as follows: In we show that patching
of morphisms suffices to get the affine Brown-Gersten property for a simplicial
presheaf Sing‘}1 (X). This is an argument concerning only simplicial sets. In
Becfion 5.2, we explain the main steps in the proof of patching theorems for
morphisms. Then proves the patching theorem for morphisms into
a Chevalley group over an excellent Dedekind ring. Finally, in Becfion 5.4 we
apply the results to give criteria which imply that principal fibre bundles under
Chevalley groups induce A'-local fibre sequences.

In the following paragraph, we shortly describe the relation between the affine
Brown-Gersten property and the complex analytic h-principle.

Homotopy Principles in Complex Analysis: Gromov’s homotopy-principle
[Grof9] is a powerful way to relate continuous morphisms between complex analytic
manifolds to holomorphic maps: Maps between complex analytic manifolds satisfy
the h-principle if every continuous map f : X — Y is homotopic to a holomorphic
one. A stronger statement is that there is a weak equivalence between the function
spaces mapy.;(X,Y) of holomorphic resp. map,,,(X,Y) of continuous maps. In
his paper [Gro89], Gromov gave conditions for complex manifolds to satisfy the
h-principle. Roughly, for maps f : X — Y to satisfy the h-principle, it is necessary
that there are sufficiently many holomorphic maps X — C and sufficiently many
holomorphic maps C — Y. For the former, it suffices to assume that X is a Stein
manifold. For the latter, Gromov defined the notion of a spray, which is a geometric
object providing enough holomorphic maps C — Y. In such a situation, it is then
possible to approximate any continuous map f : X — Y locally by holomorphic
maps ¢; : X; — Y, such that f|x, is homotopic to g;. The spray then allows to
modify these g; within their homotopy classes such that they can be patched to a
global holomorphic map g: X — Y.

In a series of papers [Lar03) [LAr04], Larusson has investigated formulations
of Gromov’s Oka principle in a model category framework. He defines model
structures on the category of simplicial sheaves on the site of Stein manifolds with
holomorphic maps, such that a complex manifold X viewed as a representable
simplicial sheaf satisfies the homotopy principle exactly if it is quasi-fibrant.
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In this chapter, we are going to do something similar in the situation of Al-
homotopy, at least for group schemes over Dedekind rings. The affine Brown-
Gersten property, which will play a prominent role in Secfion 5.1 is almost exactly
the condition for quasi-fibrancy, cf. However, the direct transla-
tion of the notion of a spray does not work for A'-homotopy: The original spray
condition from [Grof89| is a condition about infinitesimal liftings, and in the ana-
Iytic topology such liftings suffice to produce homotopies. For A'-homotopies, this
is not enough, as a morphism A"™ — X can not be constructed simply by infinites-
imal liftings. As an example, the fact that the elementary subgroups form a spray
for the Chevalley groups is related to the Kj-analogue of the Serre conjecture on
projective modules. By contrast, any complex Lie group as a complex manifold has
a spray given by the exponential map. Therefore, sprays in Al-homotopy are more
complicated and more global objects than in complex analysis, the reason being
that the homotopies given by morphisms of polynomial rings are more complicated
and more global than holomorphic homotopies defined on a small analytic disc.

Finally, we want to note that homotopy principles should work for a suitable
homotopy theory of rigid-analytic varieties. Using as interval the Tate algebra
T(¢) instead of a polynomial ring as the interval allows to construct homotopies
by infinitesimal extensions, so a direct translation of Gromov’s work should yield
a rigid-analytic homotopy principle. There are some results in the literature on
rigid-analytic and formal patching that are reminiscent of results related to the
Oka principle.

5.1 Patching and the Affine Brown-Gersten Property

As mentioned above, the Brown-Gersten property for a bounded, complete and
regular cd-structure is a quite powerful tool to compute homotopy groups: If a
simplicial sheaf has the Brown-Gersten property, then the homotopy groups of the
simplicial sets of sections do not change in the course of a fibrant replacement.
However, it is usually not the case that Sing‘;&1 (X) has the Brown-Gersten prop-
erty for a scheme X. A good replacement seems to be the affine Brown-Gersten
property, a weaker property which was introduced in [Mor(7]. The restriction
to affine smooth schemes is similar to the restriction to Stein manifolds in the
complex-analytic h-principle.

DEFINITION 5.1.1 (AFFINE BROWN-GERSTEN PROPERTY) Let .# be a simplicial
presheaf on Smg with S = SpecR. Then % is said to have the affine Brown-
Gersten property for the Nisnevich topology if for any reqular R-algebra A, any
étale A-algebra B and each f € A such that A/f — B/f is an isomorphism, the
following diagram of simplicial sets is a homotopy pullback:

F (Spec A) — F (Spec Ay)

l |

Z (Spec B) — F (Spec By).

Note that the above conditions on A and B are just the conditions for an

elementary Nisnevich covering as in i.e. SpecB — SpecA is an
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étale morphism which is an isomorphism on the complement of the open subset
Spec Ay — Spec A.

There are two things that need to be investigated. First, we need conditions
when a simplicial sheaf of the form Sing®’ (X) has the affine Brown-Gersten prop-
erty. The second thing we need to know is if the affine Brown-Gersten property
really implies that the homotopy groups over affine schemes do not change after a
fibrant replacement.

The first question has partially been answered by Morel in [Mor()7, Lemma
1.3.5] for the case of sheaves of simplicial groups over a field. In view of the anal-
ogy with the complex-analytic h-principle, it seems reasonable to try to generalize
this result to simplicial sets. Moreover, one would like to have an easy-to-check
geometric criterion for the diagrams in the affine Brown-Gersten property to be
homotopy pullbacks. We provide one possible such result. Assuming that a scheme
X satisfies a property we call analytic patching, we show that Sing‘}l (X) has the
affine Brown-Gersten property. The property of analytic patching allows to glue
together morphisms on an elementary Nisnevich covering which are only homo-
topic over the intersection. The name analytic patching is due to the fact that
the corresponding patching result for K-theory is called “patching along analytic
isomorphisms”.

DEFINITION 5.1.2 An affine analytic patching situation over R consists of a reg-
ular R-algebra A, an étale A-algebra B and an f € A such that A/f — B/f is an
isomorphism.

Let X be a sheaf. We say that X satisfies the analytic patching property if
for any patching situation as above, and sections o € X (Spec A¢lty, ..., t,]) and
B € X(SpecBlti,...,t,]) such that there is H € X(Spec Bf[tq,...,t|[t]) with
H(t=0)=a«aand H(t =1) = 3 in X (Spec By[t1,...,ty]), there exists a section

v € X(Spec Alt1, ..., tn])
and homotopies v ~ « resp. v ~ 3 in the sense that there exists
H, € X(Spec A¢[t1,... t,][t])

with Hy(t = 0) = and H(t = 1) = « and similarly for 3. We also require that
H = HgoH,, i.e. the composition of the two homotopies is the original homotopy.

This patching along elementary homotopies (Spec By) x Al — X is already
sufficient to get the affine Brown-Gersten property for Sing‘}l (X), as we will see
in the next result. The above definition is however only suitable for the case that
Sing?' (X)(A) is fibrant for any affine scheme. However, since our main interest

is in group schemes, this suffices, since in this case Sing‘}l(G)(U ) is fibrant by a
result of Moore, cf. [G.J99, Lemma 1.3.4].

PROPOSITION 5.1.3 Let X be a presheaf. Assume that X has a the analytic patch-
1

ing property and that Sings (X)(U) is a fibrant simplicial set for any smooth affine

scheme U. Then Sing‘}1 (X)) has the affine Brown-Gersten property.

PRrROOF: Let the following analytic patching diagram be given:
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o

We introduce shortcut notation X (A) for Sing‘}1 (X)(Spec A). Using this notation,
we want to show that the following square is homotopy cartesian:

X(A) — X(B)

£ 2

f)TX(Bf)-

X(

For this, it suffices to show that for one factorization of X(B) — X(By) as
a trivial cofibration i : X(B) — Y and a fibration p : ¥ — X(By), the induced
morphism X(A4) — X(Ay) xx(p,) Y is a weak equivalence. We factor this mor-
phism X (A4) — X(Ay) xx(p,) Y into a trivial cofibration j : X(A) — Z and a
fibration ¢ : Z — X(Ay) Xx(B;) Y. It now suffices to show that ¢ is actually
a trivial fibration, i.e. it satisfies the right lifting property w.r.t. all morphisms
OA"™ — A™.

(i) Consider the following diagram:

HA™ 4 z (5.1)

|

X(Af) XX(Bf) Y

An

Given this lifting problem, it suffices to show that a solution exists after pos-
sible modifying the simplex o to a homotopic n-simplex ¢’ without changing the
boundary: The homotopy 7 : ¢ ~ ¢’ is an (n + 1)-simplex in X (Ay) Xx(Bp) Y,
and if ¢/ can be lifted to a simplex 6 in Z, then we have a horn A”*! whose only
non-degenerate simplex is the (n + 1)-st face given by 6. Since ¢ is a fibration,
there also exists a lift of o, which is the missing face of the lift of 7.

We will show in (iii) that this allows us to assume that the simplex o in the
base is a patching situation as in [Definition 5.1.20 This means that the n-simplex
is given by an n-simplex 04 € X (Ay), an n-simplex op in X(B) and an (n + 1)-
simplex oy providing a homotopy o4 ~ op in X(By).

Then we use that ¢ comes from a patching situation. We conclude that there
exists a simplex 7 : A™ — Z such that 7 is homotopic to o4 in X(Ay), and to
op in X(By). We call the respective homotopies H4 resp. Hp. Note that the
requirement that these two homotopies should compose to og in X (By) implies
that Halos, = HBlosy in X (Bf). Therefore we can also glue these homotopies to
something global, i.e. we have a homotopy from 97 to p. Since q is a fibration, the
same argument as above implies that 7 can be moved to a lift of 0 whose boundary
agrees with p.

(ii) We still need to show that any n-simplex in the base X(Ayf) xx(p,) Y is
homotopic to a patching situation. For this, we do an induction on the construction
of Y.
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We first recall the small objects argument for simplicial sets to obtain a de-
scription of the simplices in X (Ay) Xx(By) Y- Consider a morphism f : K — L
of simplicial sets. We want to factor it into a trivial cofibration and a fibration.
Recall that A7 is the k-th horn of the n-simplex, i.e. the subcomplex of A™ ob-
tained by taking out the k-th face. The inclusion A7 — A™ is a monomorphism
and hence a cofibration, which in addition is a weak equivalence, since both spaces
are contractible. The factorization K — K — L is obtained as

K= hi)n K;,
where K;11 is obtained from Kj; as the pushout
1, A" <——[1p AZ,? — K.
The indexing above is over all commutative diagrams D of the form

np
AP —— K,

L

A" —— [,

The small object argument then states that any lifting problem in K is given by a
lifting problem in K; for some i, and by construction can be solved in K;;1. Hence
K — Y is a fibration.

Now the spaces we deal with are constructed exactly this way, i.e. Y is given
by applying the above construction to the morphism X(B) — X(By). We de-
note (somewhat abusively) by Ex™ X (B) the successive stages in the small object
argument.

(iii) From the above, we find that a general n-simplex in

X(Ay) xx(B,) Ex™ X(B)

is given by an n-simplex o4 € X(Ay), a AZH—horn in Ex™ X(B) and an (n + 1)-
simplex 7 in X (By) whose boundary consists of the images of the n-simplices from
X(Ay) and Ex™ X(B). Then we want to show that this simplex is homotopic to
one coming from a patching situation. This is where we need that X (B) is already
fibrant. Indeed, for the A7 !-horn in Ex™ X (B), there exists an (n+1)-simplex o
in Ex™ X (B). This (n + 1)-simplex will not necessarily map to 7, but it will have
the same boundary horn. Therefore, since X (By) is also fibrant, 7 and op will be
homotopic in X(By). The k-th face of op is an n-simplex in Ex(B), which is
homotopic in X (By) to 4. Therefore, any simplex in X (Ay) XX (By) Ex™! X(B)
is homotopic to a simplex given by a patching situation. |
The second question, i.e. if the homotopy groups over an affine scheme do not
change after a fibrant replacement, is a little harder to answer. In some special
cases, [Mor()7, Theorem A.4.2] can be used to decide this question. The problem is
that the affine schemes do not form a BG-class, cf. [MV99, Definition 3.1.12].
Moreover, restricting the usual cd-structures to the category of smooth affine
schemes over a base scheme seems to destroy boundedness of the cd-structures.
Therefore, there is no abstract way of dealing with the second problem.
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In [Mor(7], the affine replacement of a simplicial sheaf F is defined by
F(X) := holim Ex*® F(Y),
Y—X

with the homotopy limit running over all smooth affine (over the base) schemes Y
with a morphism to X. For the Zariski topology, the answer is rather complete,
and will be given in [Mor()7, Theorem A.2.2].

PRrROPOSITION 5.1.4 Let X be a scheme over a Dedekind ring S which has the an-
1

alytic patching property. Then the affine replacement of Sings (X)) has the Brown-

Gersten property for the Zariski topology.

The proof basically uses the Jouanolou-trick to extend results from affine
schemes to quasi-projective schemes. The quasi-projective schemes then form a
BG-class, and applying [MV99, Proposition 3.1.16] one obtains the required weak
equivalences Sing?' (X)(U) — Ex* Sing?' (X)(U) for any affine scheme. Here,
the term Ex* denotes a fibrant replacement functor in the category of simplicial
sheaves on the Zariski site. This argument extends to the category of smooth
schemes over a Dedekind ring.

For the Nisnevich topology, we need more control on the geometry of covering
situations, and it is not clear to me how to extend the proof of [Mor(7, Theorem
A.4.2] to the case of Dedekind rings. However, it seems plausible to expect a
Dedekind ring version of this theorem to hold.

5.2 Patching and Local-Global Principles

In this section, we prepare the main ingredients in the proof of the patching result
for Chevalley groups over Dedekind rings. We review the necessary literature on
local-global principles.

Axiom Q: The key step in the proof of the local-global principle seems to be
what Bass, Connell and Wright described as “Axiom Q” in [BCWT6, Paragraph
1.1].

We first need to introduce the relevant notation. Let R be a commutative ring,
and let G be a functor from R-algebras to groups. For R-algebras A and B, and
an R-algebra homomorphisms f : A[t] — B : ¢t — s, we denote g € G(A]t]) by
g(t) and its image under G(f) in G(B) by g(s). Applied to B = A, s € A and
Alt] — A[t] : t — st, this defines g(st). We denote

G(A[t], (1)) = {9(t) € G(A[t]) | u(0) = 1},
which is the kernel of the evaluation at zero morphism G(A[t]) — G(A).

DEFINITION 5.2.1 Let R be any commutative ring, and let G be a functor from
R-algebras to groups. We say that G satisfies Axiom Q if for any given R-algebra
A, an element s € A and an element u(t) in G(As[t], (t)) there exists an integer
n >0 and an element v(t) € G(A[t], (t)) such that u(s"t) = v(t)s.

There are many functors which satisfy Axiom Q. We list the ones most impor-
tant to us.



142 CHAPTER 5. GEOMETRY AND FIBRE SEQUENCES

EXAMPLE 5.2.2 Elementary subgroups E(®) — G(®) satisfy Axiom Q. In other
words, let ® be an irreducible and reduced root system with rk ® > 2. For any com-
mutative ring R, any a € R, and o € E(®, R,[t], (t)), there exists 7 € E(®, R]t], (1))
such that 7, = o(aPt) for some integer p.

This is proven in [Abe83, Lemma 1.11]. It is a straightforward generalization
of the case GL,, originally proven in [Sus77] and described in detail in [Lam06
Chapter VI.1]. O

EXAMPLE 5.2.3 It is also stated in [BCWT6, Remark 1.8 resp. Proposition 1.12]
that automorphism group functors of algebras satisfy Axiom . This implies
Quillen’s local-global principle for projective as well as quadratic modules. O

REMARK 5.2.4 The fact emphasized in [BRK05, Theorem 3.1] that the local-global
principle is related to normality of subgroup functors follows already from [BCW76,
Remark 1.4]. Let G(®) be a Chevalley group, and let E(®) be the elementary
subgroup. If E is normal in G, then we get Axiom @ for the quotient K1(®,—) =
G(®,—)/E(®,—). An element in K; which is trivial at all the mazimal ideals has
to be trivial, since Axiom @ for Ki implies the local-global principle.

Local-Global Principle: The patching technique for projective modules resp.
elementary subgroups is a method to deduce structure theorems like the above
factorization of matrices, cf. [Proposition 5.3.2] for a ring R from the corresponding
structure result for the localizations Ry, for prime ideals p resp. only the maximal
ideals m. Such a local-global principle was first applied in the solution of the Serre
problem by Quillen [Qui76|] resp. Suslin [Sus77]. There the goal was to deduce
that a projective module P over Rlty,...,t,] is extended from R iff P is free over
Rult1, ..., t,] for every maximal ideal m.

Later, various versions of the local-global principle have been applied to prob-
lems such as describing the structure of locally polynomial algebras [BCWT6] or
rational triviality of torsors [CT092]. For an overview of applications of local-
global principles see [BRKO5].

The following form of the local-global principle is given in [Abe83, Theorem
1.15], and generalizes the corresponding result of Suslin for the case GL,,. See also
the exposition in [Lam06, Chapter VI.1].

THEOREM 5.2.5 (LOCAL-GLOBAL PRINCIPLE) Let R be a commutative ring. For
any element o € G(®, R[t], (t)), the following assertions hold:

(Ay,) The Quillen set Q(o) = {s € R|os € E(®, R4[t])} is an ideal in R.

(Br,) If om € E(®, Rult]) for every mazimal ideal m in R, then o € E(®, R]t]).

COROLLARY 5.2.6 Let 0 € G(®,R[t]) with tk® > 2, and let oy € G(P, Ryy) -
E(®, Ru[t]) for every mazimal ideal m of R, then o € G(®, R) - E(®, R[t]).

The key step in the proof is exactly Axiom Q described above, cf. [BRK0H).
The relation between subgroup normality and the local-global principle sketched
there suggests that the above form of the local-global principle does not generalize
to SLo. It also seems that the methods used in the proofs of the normality of the
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elementary subgroups for general Chevalley groups over commutative rings (with
rank of the root system > 2) given in [HV(3] have some relation to Axiom Q and
the local-global principle.

Nisnevich Neighbourhoods and Lindel’s Theorem: There are some struc-
ture theorems for local rings that are needed in order to prove affine Brown-Gersten
type properties for Sing‘}1 (X). This paragraph describes these geometric structure
results.

By Lindel’s theorem we refer to a characterization of smooth local algebras as
étale neighbourhoods of very special smooth local algebras, namely localizations
of R[t1,...,ty] at a maximal ideal. This theorem makes it possible to extend
statements about the Ky- resp. the Ki-form of the Serre problem from localizations
of polynomial algebras to general smooth local rings. In its original form the
theorem appeared in [Lin&T]:

THEOREM 5.2.7 Let L be a field, let C' be a finitely generated L-algebra with d =
dimC > 1, and let m be a mazimal ideal of C. Assume that Cy, is reqular and that
the residue field K = C/m is a simple separable extension of L. Then there exist
elements x1, ...,z € C with the following properties:

(i) C = Llxy,...,2¢) and m = (f(x1), 20, , 1) with f(x1) &€ m2, where f is

the minimal polynomial of the image of x1 in K.
(ii) Cw is an étale neighbourhood of Dy where D = L[z, ...,x4] and n =mnND.

This result has been extended to the case of excellent discrete valuation rings
by Dutta in [Duf99, Theorem 1.3]. A similar form of the extension to discrete
valuation rings can be found already in [Pop89, Proposition 2.1].

THEOREM 5.2.8 Let (A, m, K) be a reqular local ring of dimension d+1, essentially
of finite type over an excellent discrete valuation ring (V,7) such that A/m is
separably generated over V/7V. Let a € m? be such that a & 7A. Then there exists
a regular local ring (B,n, K) — (A,m, K) with the following properties:

(i) B is the localization of a polynomial ring Wz, ..., x4] at a mazimal ideal of
the form (m, f(x1),x2,...,24) where f is a monic irreducible polynomial in
Wlz1] and (W, ) C A is an excellent discrete valuation ring. Moreover A is
an €tale neighbourhood of B.

(ii) There exists an element h € BN aA such that B/hB — A/aA is an isomor-
phism, and furthermore hA = aA.

REMARK 5.2.9 [t does not seem reasonable to expect anything like this over a
general base. This might be one of the geometric motivations behind the failure of
the A'-connectivity conjecture [Ayo0G]. The above results nevertheless show that
the A'-localization behaviour over excellent discrete valuation rings is the same as
over a field.



144 CHAPTER 5. GEOMETRY AND FIBRE SEQUENCES

Note that the conditions in the above theorem hold for local rings of schemes
which are smooth and essentially of finite type over the base discrete valuation
ring V.

The next thing we need is control on the behaviour of the structures we are
interested in with respect to Nisnevich neighbourhoods. The prototypical results
from the literature are [Lin81l Proposition 1] for the case of projective modules,
and [Vor&Tl, Lemma 2.4].

The following patching theorem for the elementary subgroups in the Nisnevich
topology is the generalization of [Vor81l Lemma 2.4] to arbitrary Chevalley groups,
and can be found in [Abe83, Lemma 3.7].

PROPOSITION 5.2.10 Let A — B be a subring, f € B not a nilpotent element.

(i) If Bf + A = B then there exists for every a € E(®, By) some 3 € E(®, Ay)
and v € E(®, B) such that o = ;3.

(ii) If moreover BfNA = Af and f is not a zero-divisor in B then there exists for
every a € G(®, B) with ay € E(®,By) some € G(®,A) and v € E(®, B)
such that o = 0.

It seems reasonable to expect that there is also a version of Axiom Q which
also takes care of the fact that A < B is not necessarily a localization, but more
generally a localization of an étale A-algebra. Such an axiom would imply the
above proposition exactly like [Definition 5.2 Tl implies the patching for the Zariski
topology.

Note also that the above proposition already implies that the elementary sub-
groups have patching for the Nisnevich topology, and therefore Sing‘}l (E(®)) has
the affine Brown-Gersten property. To get the affine Brown-Gersten property for
Chevalley groups, we still need to control the difference between the Chevalley
groups and their elementary subgroups, i.e. the unstable Ki-groups.

5.3 Example: Chevalley Groups and Torsors

Using the local-global principles for the elementary subgroups from the last chap-
ter, we will show in this section how to prove analytic patching and therefore the
affine Brown-Gersten property for Sing®’ (G(®)). Here, G(®) denotes the universal
Chevalley group scheme for the root system ® over an excellent Dedekind ring. This
result follows from a combination of the local-global principle [Proposition 5.2.10
together with the fact that the difference between G(®) and its elementary sub-
group E(®), i.e. the unstable K (®)-functor, has Al-invariance.
We start by recalling the definition of Chevalley groups.

Chevalley Groups: Our main reference for the construction of Chevalley groups
is [Hum78, Chapter VII].

We fix a semisimple Lie algebra g over C. Fixing further a Cartan subalgebra
h of g yields the Cartan decomposition

g:h@@ga-

acd
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Here ® is a root system of g with respect to h. We also fix a base A = {aq,..., o}
of simple roots for ®, meaning that every o € @ is either a positive or negative
linear combination of the a;. A Chevalley basis {h; | i =1,...,r} U{zy | a € P}
for g, with 7 = dimc b, is a basis of h resp. of the root eigenspaces g, such that
the structure constants of the Lie algebra g lie in Z. This makes it possible to
define the Lie algebra already over Z.

For a faithful representation p : g — gl(V') and an admissible lattice M for this
representation, we can consider GL(M ®z R) for any commutative ring R. For
any t € R and o € ®, we can define an element z,(t) € GL(M ®z R), which is the
specialization of

i (Tp(kﬂ € GL(M ®z Z|T])
k=0 )

along Z[T] - R : T — t. In case R is a field, the Chevalley group associated
to the above data is the subgroup G,(k) of GL(M ®z k) generated by the x(t).
The algebra of functions on this algebraic group G,(k) is already defined over
Z, yielding a group scheme G|, over Z. For a general commutative ring R, the
Chevalley group G,(R) is then defined as the group of R-valued points of the
Z-group scheme G,. We are interested in Chevalley groups of universal type,
where the admissible lattice is the lattice of all fundamental weights in V. Up to
isomorphism, the group G,(R) depends only on the admissible lattice and the root
system, so we denote the universal Chevalley group over R for a root system @ by
G(P,R).

The elements z(t) are called elementary matrices of G,(k). The subgroups
generated by the elementary matrices are called elementary subgroups, and are
denoted by E(®,R). Note also, that the assignment R — G,(R) : t — x4(t) gives
a morphism Al — G, (R), hence elementary matrices yield naive Al-homotopies.

REMARK 5.3.1 The Bruhat decomposition for Chevalley groups over a field im-
plies that G(®, R) = E(®, R), i.e. G(®, R) is generated by its unipotent elements.
Gromov’s statement in [Gro89] is that groups which are generated by their unipo-
tent elements have a spray, which is exactly given by the elementary subgroups.
This however does not work over more general schemes, and the failure of the
group G(®, A) to be generated by unipotent elements is exactly determined by the
quotient G(®, A)/E(®, A). In the cases we will deal with, this is an unstable K-

group.

Factorization of Matrices: We are now giving the proof that Sing?' (G(®)) for
a Chevalley group G(®) of universal type has the affine Brown-Gersten property.
The most important references we use are [Lin81l Sus77, [Vor&T| resp. [Abe83].
Having described the local-global principles for Sing‘}l(G(q))) in the previous sec-
tion, all we need is a factorization of matrices, showing that all matrices o over
Rlt1,...,t,] whose constant part satisfies o(0,...,0) = I are indeed elementary.

The first step in establishing this factorization result is the case of the base
scheme, which in our setting is assumed to be a Dedekind ring.
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PROPOSITION 5.3.2 For any reduced irreducible root system ® of rank > 2, and
any Dedeking ring S, we have the following factorization:

G(®,S[t1, ... t,]) = G(®,S) - E(®,S[t1,. .. 1))

PROOF: The proof structure is the same as [Abe83, Theorem 3.5] resp. [GMVIIL
Theorem 1.2]: One uses the local-global principle to reduce to the
assertion G(®, S[t1,...,t,]) = E(®,S[t1,...,t,]) for any discrete valuation ring S.
This assertion is then proved by induction, the case n = 1 is a computation in the
Steinberg group which we will not reproduce. The induction proof of [GMVII]
Theorem 1.2] uses localizations at monic polynomials which goes through directly.
The only additional ingredient needed is a Kj-version of Horrocks theorem, which
for an arbitrary root system is proved in [Abe83, Proposition 3.3]. The condition
(P’) in the work of Abe holds for general Chevalley groups as the work on As-
structure proofs shows, cf. [GNV(O7]. [ |

REMARK 5.3.3 The computations in the proof above are done via the Steinberg re-
lations. The group generated by the elementary subgroup symbols with the Steinberg
relations is Ko(R), which is exactly the fundamental group

K»(R) = m1(Sing® (G(®), I)(R)).

It seems that to prove the affine Brown-Gersten property for SLy resp. P, it is

necessary to generalize the computations with Steinberg relations to elements in the
MW

group K5*".

The following result extends the factorization of matrices from rings to arbitrary
localizations, and is therefore some kind of converse of the local-global principle.
It has been proven in [Vor81l Lemma 2.1] for the case of GL,, and generalized in
[Abe83, Lemma 3.6].

PROPOSITION 5.3.4 Let A be a commutative ring and S be a multiplicative sub-
set. If G(A[t1,...,tn]) = G(A)E(A[t1,...,ts)), then also G(Ag[ti,... tn]) =
G(Ag)E(Ag[t1, ... tn]).

Using the local-global principle, we obtain the above matrix factorization for
general smooth finite type S-algebras. The proof is basically the one of [Vor&1l
Theorem 3.3].

PROPOSITION 5.3.5 Let ® be a reduced and irreducible root system of rank rk ® >
1, let R be an excellent Dedekind ring, and let B be a smooth R-algebra essentially
of finite type. If o(t1,...,tn) € G(®,Blt1,...,tn]) is such that o(0) = I, then
o(ti,...,tn) € E(®,Blt1,...,tn]).

ProOOF: The proof is by induction on the Krull dimension of B, where the base

case of the induction is given by [Proposition 5.3.2
By the local-global principle [Theorem 5.2 we can assume that R and B are
local rings, in particular R is a field or a discrete valuation ring. We concentrate

on the dvr case. By [Theorem 5.2.8 B is an étale neighbourhood of a localization

of a polynomial algebra over a discrete valuation ring, i.e. there is an étale discrete
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valuation ring extension R — W, a localization A of W{t,...,taimp—1] at a
maximal ideal, and an element f € A such that Bf+ A= B and BfNA= Af. We
are therefore exactly in the situation of [Proposition 5.2.10} as f is not a zero-divisor
in Blt1,...,t,] since B is regular and local. Since B is local, we also have dim By <
dim B, and by induction hypothesis, o¢(t1,...,t,) € E(®, By[ti,...,t,]). By part
(ii) of [Proposition 5.2.10}, there is a factorization

O’(tl,... 7tn) = ")/(tl,... ,tn)ﬁ(tl,... ,tn)

with ’y(tl,...,tn) S E((I),B[tl,...,tn]) and B(fl,...,tn) S G((I),A[tl,...,tn]).
From this we also obtain

oty .. ty) =yt ..., tn)Y(0,...,0)713(0,...,0) 1 B(t1, . . ., tn),

since I = «(0,...,0) = ~(0,...,0)3(0,...,0). From the induction assumption,
the first two factors are in E(<I> Blty,...,t,]). By the base case, we know that

the result holds for polynomial rings R[tl, ..., ty], and via [Proposition 5.3.4] it
also holds for localizations of polynomial rings, in particular for A. Therefore,
B(0,...,0)7 B(t1, ..., tn) € E(®, Alt1,. .., ta]) — E(®, Blt1,...,t,]). [ |

Al-Representability of Unstable K-Groups: The proof structure of the fol-
lowing result is similar to [Lam06, Theorem VI.1.18]. In fact, the affine Brown-
Gersten property is a generalization of the weak pullback property for the unstable
K;-functors.

THEOREM 5.3.6 Let ® be a root system of rank rk<I>1 > 1, and let R be an excellent
Dedekind ring. Then the simplicial presheaf Sings (G(®)) on the site Smg with
S = Spec R has the affine Brown-Gersten property for the Nisnevich topology.

Proor: This follows from [Proposition 5.2.10] and [Proposition 5.3.5k Let A be a
smooth R-algebra, B an étale A-algebra and f € A an element such that A/f —
B/ f is an isomorphism.

Recall that in this situation, Bf + A = B and Bf N A = Af. The same also
holds for the corresponding polynomial rings, i.e. B[t1,...,t,)f + Alt1,...,tn] =
B[tl, R 7tn] and B[tl,. .. ,tn]fﬂA[tl,. .. 7tn] = A[tl,. .. 7tn]f-

A general analytic patching situation for the square

A——B

L

as in [Definition 5.1.2] consists of elements
o< G((I),Af[tl, - ,tn]) and § € G(‘I), B[tl, R 7tn])

which are homotopic over By[ti,...,t,], i.e. there is H € G(®, Bf[t1,...,t][t])
such that H(t =0) =« and H(t =1) = .

Consider the element o = 3o~ € G(®, By[t1,...,t,]). Since H is a homotopy
between o and 3, (H -a ) (t =0) = [ and (H - o 1)(t = 1) = 0. This implies
that o € E(®, B¢[t1,...,t,]), by [Proposition 5.3.5
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By (i) of [Proposition 5.2.10} we can decompose o = ﬁo_lao with

ao € E(®, Asfty, ... t,]) and By € E(®, Blty,. .., 1))

Then I = o 'o = oy 13,8a~!, and we therefore have the equation aga = Bof in
G(®, By[t1,...,tn]). Since G(®) is a sheaf in the Nisnevich topology, there is a
global v € G(®, Alty,...,t,]) such that v = apar in G(®, Afty,...,t,]) and v =
Bof in G(®, Blt1,...,t,]). Because ag € E(P, Af[t1,...,t,]), there is an element
H, € G(®,A¢[tq,...,t,][t]) with Ho(t = 0) = I and Ho(t = 1) = ap. Then
H-oeG(®,Afty,...,t,][t]) provides a homotopy a ~ aga. The same argument
works for 3 ~ (3y3. Therefore, the sheaf G(®, —) satisfies analytic patching.
Finally, we apply [Proposition 5.1.3] Since the sheaf G(®,—) on Smg with
S = Spec R satisfies analytic patching, we conclude that Sing‘,&l(G(@)) has the
affine Brown-Gersten property. |

REMARK 5.3.7 The proof above basically follows the same lines as the proof of
[Mor07, Theorem 1.5.4]. We use the same main geometric results, i.e. the factor-
ization of elementary matrices from[Proposition 5.2.10] and the characterization of
the elementary subgroups from [Proposition 5.3.5. However, our proof seems more
suitable for generalizations beyond group schemes than the proof in [Mor(07].

Karoubi and Villamayor [KV69] used the definition of K; as the quotient of
GL, modulo the elementary matrices E, together with a definition of loop rings
to define higher algebraic K-groups. We recall the definition from [Ger73].

DEFINITION 5.3.8 (KAROUBI-VILLAMAYOR K-THEORY) Let A be a commutative
ring, and let ® be an irreducible and reduced root system. Then we can define a
Ki(®,A) =G(P,A)/E(P,A).

The path ring of A is defined to be EA = ker(A[t] — A :t — 0). It comes
with an augmentation ¢ : EA — A : Y a;t' — > a;. Then the loop ring of A
is defined to be QA = kere. The functor E admits the structure of a cotriple on
the category of rings, yielding a simplicial ring E*A. We then apply the Chevalley
group functor G(®,—) to obtain a simplicial group G(®,E*A).

The Karoubi-Villamayor K-groups of R and ® are then given by

KVpio(®,A) = 7, (G(®, E*A)),i > —1

where the T is the usual homotopy groups for i > 1, and some slight modification of
the usual homotopy groups for i = —1,0. For more details, cf. |Ger75, Definition
3.1] or [Lar83, p. 194].

Then a result of Rector [Ger73, Theorem 3.13] resp. [Jar83, Theorem 3.8]
shows that there are isomorphisms of groups

KVpi1(®, A) 2 7, Singl' (G(®))(Spec A).

Therefore, putting together the above results, we find that Karoubi-Villamayor
K-theory is Al-representable. Reading this result in the other direction, we find
that we can determine the A!-homotopy groups of Chevalley groups as Karoubi-
Villamayor K-theory.
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COROLLARY 5.3.9 Let ® be a root system of rank tk® > 1, let R be an excellent
Dedekind ring and let S = Spec R. Then the group schemes G(®) represent the
unstable Karoubi- Villamayor K-groups KV, (®,—) in the Al-local model structure
on A°°’Shu(Smg). The corresponding simplicial resolutions Sing‘}l(G(Cb)) repre-
sent the unstable Karoubi-Villamayor K-groups in the simplicial model structure
on A°PShv(Smg).

Therefore, for any smooth affine S-scheme U, we obtain isomorphisms

™ G(@), D(U) = KV, 41 (D,U).

n

PRrOOF: From [Proposition 5.1.4] we conclude from the affine Brown-Gersten prop-
erty proved above that the affine replacement of Sing‘}l(G(q))) has the Brown-
Gersten property for quasi-projective schemes in the Zariski topology. Then for
any smooth affine scheme U, we obtain a weak equivalence Sing‘}l(G(q)))(U) —
Ex3 Sing?' (G(®))(U) where Ex}3 denotes the fibrant replacement in the A'-local
model structure on Smg with the Zariski-topology. |

REMARK 5.3.10 Over a base field k, we can use Morel’s result [Mor07, Theo-
rem A.4.2] to conclude that Karoubi-Villamayor K-theory is representable in the
Al-local model structure also for the Nisnevich topology. It seems reasonable to
conjecture that the same result can also be obtained for Dedekind rings.

Note that combining this result with the discussion in Secfion 4.4, this com-
pletes the description of the homotopy groups of split algebraic groups over a
perfect field k. In particular, all the homotopy groups Wﬁl (G) for n > 2 are always
unstable Karoubi-Villamayor K-groups for the root system of the semisimple part
of G.

Patching for Torsors: We finally want to note that affine A'-invariance for
H}. (—,GL,) also holds over a Dedekind ring. This is a result of Popescu [Pop89,
Theorem 4.1]:

PROPOSITION 5.3.11 Let R be a Dedekind ring, and let A be an R-algebra, smooth
and of finite type over R. Then every finitely generated projective module P over
Alty,. .., t,] is extended from R, i.e. there is an isomorphism

H%ar(Spec Alt1, ..., tn],GLy) = H%ar(Spec A,GLy,)

This follows, since for smooth R-algebras the conditions of [Pop8Y, Theorem
4.1] are satisfied. These conditions require that for all primes p C R with pA # A,
(i) the residue field of A at p is perfect, and (ii) the algebra A/pA is regular.
Condition (ii) follows, since A is smooth over R, therefore A/pA is smooth over
R/pR and therefore regular. The condition on perfectness of the residue field is
only needed to make sure the field extensions of R/pR appearing at points of A
are separable. But this also follows from the fact that A is smooth over R.

The above fact also implies that the infinite Grassmannians resp. the associated
simplicial presheaves Sing‘}l(Grn) have the affine Brown-Gersten property. To
obtain the affine Brown-Gersten property for the finite Grassmannians Gry, ., it is
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necessary to obtain a patching result for projective modules with explicitly given
generators, for which I could find no reference in the literature.

Looking again at the analytic intuition from the h-principle, where every homo-
geneous space G/H under a complex Lie group satisfies the homotopy principle, it
seems worthwhile investigating which homogeneous spaces G/H satisty the affine
Brown-Gersten property. This is again related to the question of triviality of tor-
sors: Considering G as H-torsor over G/H, homotopies Spec R|[t1,...,t,] — G/H
can be lifted if Hy; (—, H) is homotopy invariant, because then we have the iso-
morphism H!(R[t1,...,t,], H) = H*(R, H), and the latter is trivial for R local.
Morphisms Spec R — G/H can locally be lifted to G, and the same follows for
homotopies if Hﬁﬁs(—, H) is homotopy invariant. This allows to glue together the
locally homotopic morphisms in G, provided G has the affine Brown-Gersten prop-
erty. Therefore a homogeneous space G/H should have the affine Brown-Gersten
property, if G has the affine Brown-Gersten property and HI{HS(—, H) is homotopy
invariant. Note also that under the above conditions,

Sing?' (H) — Sing?' (G) — Singl' (G/H)
is a fibre sequence, as will be apparent from the results in the next section.
5.4 More Examples of Fibre Sequences
Once we know that Sing‘}l(F) — Sing®’ (E) — Sing?' (B) is a simplicial fibre

sequence, the locality criterion from [[Theorem 4.3.T0l can be applied more easily:
1
The non-local part of the base Sing2 (B) is under better control than the non-local

part of B, and also the classifying space of Sing‘}1 (F)-fibre sequences has a better
chance of being local. Moreover, [Proposition 3.1.11] allows to check for simplicial
fibre sequences by looking at the points of the topos. We explain how to go through
such a proof for the example of principal G L,,-bundles.

PROPOSITION 5.4.1 Let S be an excellent Dedekind ring. Then for any G Ly, -torsor
GL, — E — B, the corresponding sequence

Sing®' (GL,) — Sing? (E) — Sing®' (B)
s a fibre sequence of simplicial presheaves.

ProOOF: The proof is structured as follows: In (i), we reduce the assertion to
showing that for local rings R, the space Sing‘}l(B)(R) is the quotient of a free
action of Sing®' (GLy)(R) on Sing® (E)(R). The quotient assertion is proved in
(ii) and (iii), and the freeness is proved in (iv).

(i) By [Proposition 3.1.17] it suffices to check that for any henselian local ring
R, the following is a fibre sequence:

Sing?' (GL,)(R) — Sing' (E)(R) — Sing?' (B)(R).

By [G.J99, Corollary V.2.7], it suffices to show that the action of Sing‘}l(GLn)(R)
on Sing‘}l(E)(R) is free, and that

Sings' (E)(R)/ Singt' (GL,,)(R) = Singt' (B)(R).
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Note that the latter is a nontrivial assertion, since the higher simplices are global
objects. This assertion is similar to statements proved in [Mor(7, Theorem 12(2)].

(ii) Let o : SpecRlt1,...,t,m] — B be a simplex of B, and consider the
pullback of p : Sing‘}l(E) — Sing?' (B) along o. This yields a Sing‘}l(GLn)-
torsor B/ = Sing®' (E) X Singh (B)
[Proposition 5.3.11] we get the following isomorphisms

Spec R[t1,...,tm] over Spec R[t1,...,ty]. From

H}, (Spec R[t1, ... tm],Sing® (GL,)) = HL. (Spec R[t1, . .., tm], GLy)
>~ [} (SpecR,GL,)
p— 07

where we use that the above cohomology groups are over an affine scheme, and
that R is local. The torsor E' — SpecRlty,...,ty] is therefore trivial and has
a section, whence we have a morphism Spec R[t1,...,tn] — Singfxl(E) lifting o.
Note that a priori we only get a continuous section, but the affine Brown-Gersten
property implies that this can be patched to some regular section.

(iii) The preimage of o : SpecR]t1,...,t,] — B in the set of morphisms
T : Spec R[t1,...,tym] — E is isomorphic to GL,(R[t1,...,ty]), since the set of
commutative triangles

&

\
-
S

Spec R[t1, ..., tm] —

lea

Sy

coincides with the set of sections of E' — Spec R[ty,...,t;], which is isomorphic
to GL,(R[t1,. .. tm])-

(iv) It follows now from steps (ii) and (iii) that Sing?' (B)(R) is the quotient of
Sing?' (E)(R) by the action of Sing‘}l(GLn)(R). We only need to verify that this

action is degreewise free, i.e. for any o € GL,(R]t1,...,tn]), if oz = x for some
x € E(SpecRt1,...,tn]), then 0 = I. We can again consider the trivialization
over the simplex poo : Spec R|[t1,...,ty,] — B, since p is equivariant for the trivial

action on B, i.e. poo(x) = p(x). Because we can equivariantly identify the n-
simplices in E with GL,(R[t1,...,t,]) equipped with the multiplication action,
the action of GL,(R[t1,...,tm]) on E(Spec R[t1, ..., ty]) is free.

We have shown that Sing?' (B)(R) is the quotient of the simplicial group action
of Singfxl(GLn)(R) on Sing?' (E)(R), and therefore we have the following fibre
sequence of simplicial presheaves:

Sing? (GL,) — Sing' (E) — Singl' (B)

We note that we did not use many results specific to GL,,, therefore the proof
of the above result generalizes to show the following;:

PROPOSITION 5.4.2 Let S be an excellent Dedekind ring, and let G be a sheaf of
groups satisfying the following condition:
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Assume that Sing‘}l(G) satisfies the affine Brown-Gersten property and

that for all smooth henselian local rings R over S and all n, the set of
1

torsors Hy. (Spec R[t1, ..., t,], Sings" (G)) is trivial.

Then for any Nisnevich locally trivial G-torsor G — E — B, the sequence
Singl' (G) — Singl' (E) — Singl'(B)
s a fibre sequence.

EXAMPLE 5.4.3 The following groups satisfy the above condition:

(i) For an excellent Dedekind ring, the general linear groups GL,, satisfies the
condition by the solution of the Serre conjecture due to Quillen and Suslin.

(ii) The symplectic groups Spo, over an excellent Dedekind ring also satisfy the
condition [Lam06, Theorem VIIL.5.8].

(iii) We will see in this chapter that also the projective linear groups PGL,, satisfy
the above condition over a field of characteristic zero.

Note that the situation is not clear for torsors under orthogonal groups. There do
exist non-extended torsors over affine spaces which were constructed by Parimala,
cf. [Lam06]. However, these torsors are probably not locally trivial in the Nisnevich
topology. On the other hand, although there is a local-global principle for quadratic
modules, their behaviour in Nisnevich neighbourhoods is not clear. O

Therefore we have a condition on the sheaf of groups over a given base scheme,
which allows to conclude that principal fibre bundles induce fibre sequences for the
Al-simplicial resolutions. From principal fibre bundles with fibre a sheaf of groups
G, we can also construct further locally trivial morphisms, by glueing in a fibre
F which is equipped with an action of G. We can then show that the resulting
morphisms induce fibre sequences. This applies e.g. to homogeneous space bundles
like projective bundles.

PROPOSITION 5.4.4 Let S be an excellent Dedekind ring, and let p : E — B be a
Nisnevich locally trivial morphism which is obtained from a G-torsor E' — B by
change-of-fibre along an action G x F' — F. Assume that the group G satisfies the
conditions of [Proposttion 5.4.4 Then the following is a fibre sequence:

Sing‘}l(F) — Sing?' (E) — Sing®’ (B).

This fibre sequence is A'-local if the corresponding G-torsor is A'-local.

ProOOF: It again suffices via [Proposition 3.1.11] to prove that for any henselian
local ring R,

Sing®' (GLy)(R) — Sing' (E)(R) — Sing?' (B)(R)

is a fibre sequence of simplicial sets.

This can be proved via the same argument as [G.J99, Corollary V.2.7]. Replac-
ing the space Sing‘ﬁxl (F) with a fibrant model of Sing‘ﬁxl (F) does not change the as-
sertion about the fibre sequence above, therefore we can assume that Sing?’ (F)(R)
is a fibrant simplicial set for any R.

Now consider a lifting problem:
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A} — Sings (E)(R)

|

A" — - Sing!' (B)(R).

By the assumption on the group, the G-torsor is trivial over the simplex o, and
the sequence ' — E — B is obtained by change-of-fibre along the group action
G x F' — F. Therefore also Sing‘}l(E)(R) — Sing‘}l(B)(R) is trivial over o, and
the lifting problem above is equivalent to the following lifting problem:

A} —Sing®' (F)(R) x A"

| X

A" = A",

where 7 is the projection away from Sing®' (F)(R). Since Sing?' (F)(R) is fibrant,
the lifting problem has a solution.

The locality assertion follows from [[heorem 2310k Since the Al-localization
functors commute with products and are continuous, L,1G acts on L1 F, and
we have a change-of-fibre morphism BL,1G — B/L,1 F. By assumption, the
composition

Ay, B—B—B'F—-BLuF

factors through B — BLj1G, therefore null-homotopy of the morphism Ar,, —
BL G implies the null-homotopy of Ay, , B — BILF. |

COROLLARY 5.4.5 Let k be a field of characteristic zero, and let P* 1 — E — B
be a projective space bundle, coming from a PGL,-torsor over B. This is an
Al-local fibre sequence for n > 3.

For a general excellent Dedekind ring, the conclusion obtains if the projective
bundle has trivial class in Br(B).

ProOOF: We prove affine Al-invariance for PGL,, under the assumption that the
base field has characteristic zero. This follows from the four lemma applied to the
following diagram:

Pic(X x Al) — H'(X x A!,GL,) — H'(X x A', PGL,)) — Br(X x A!)

b L

Pic(X) HY(X,Gl,) HY(X,PGLy,) Br(X)

The rows are given by the exact sequence for cohomology associated to the sequence
of groups G,,, —» GL,, — PGL,. Note that X is an affine smooth scheme, which
implies that g is an isomorphism. The morphism p is always an isomorphism for
regular schemes. The morphism b on the Brauer group is an isomorphism since X is
affine smooth over a base of characteristic zero, [CT0O92, Theorem 4.2]. Therefore
1 is injective. Surjectivity follows, since the composition

HY(X,PGL,) — H'(X x A', PGL,) —— H'(X, PGL,)
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is an isomorphism.
1
A similar argument shows that H'(—,Sing® (PGL,)) has homotopy invari-
ance, by using the fibre sequence

Sing®' (Gpn) 2 G, — Sing® (GL,) — Sing® (PGLy).

Moreover, we get the identification H'(X, PGL,) — H!(X, Sing?' (PGL,)) from
the corresponding identifications for GL,,, cf. [Proposition 5.4.1] and G,,. This is
where we use n > 3.

Then the conditions of [Proposition 5.4.2] are satisfied, and we see that every
PGL,-torsor induces a fibre sequence

Sing‘}l(PGLn) — Sing®' (E) — Sing‘}l(B).

Finally, we use the change-of-fibre along the action PGL, x P"~! — P"~! and the
argument from [Proposition 5.4.4] shows that the projective space bundle induces a
fibre sequence

Sing?' (P"~!) — Sing® (E) — Sing?' (B).
The statement over Dedekind rings can be obtained as follows: If the class of
the PGL,-torsor maps to zero under H*(X, PGL,) — H?*(X,G,,) = Br(X), then
it has a reduction to a vector bundle. Then we use [Proposition 5.4.] for GL,,, and

the corresponding change of fibre along GL,, x P"~! — PGL, x P»~1 — P"~1 cf.
[Proposition o.4.41 |

More generally, the above proposition holds for homogeneous spaces under
groups satisfying the assumptions of [Proposition 5.4.2

Locality of Fibre Sequences: In this paragraph we discuss which fibre se-
quences produced above are A'-local.

Indeed, from [Mor(7, Remark 2.1.1], it follows that the classifying space of
Sing‘}l(GLn) is Al-local over the base Speck, and moreover is weakly equiva-
lent to Sing‘}l(Grn), the resolution of the Grassmannian. The pullback stability
[Proposition 4.3.14] then implies, that all fibre sequences with fibre GL,, which are
locally trivial in the Nisnevich topology actually are Al-local fibre sequences.

I would however like to use [lheorem 4.3.10l more directly to deduce the follow-
ing, but I do not know how to do this. Therefore the argument is rather close to
[Mor(7, Theorem A.4.2].

We shortly recall the spaces involved in the next result: The Grassmann variety
Gr,(AF) is the variety of n-planes in affine k-space. The Stiefel variety V,,(AF) is
the variety of all ordered n-tuples of linearly independent points in A¥. Sending the
n-tuple of points to the n-plane they span induces a morphism V;,(A*) — Gr,(A%).
These objects exist as schemes over Z and therefore over Dedekind rings in general.

One can also pass to the limit of these varieties via the inclusions V;,(A*) —
Vi (AF1) resp. Gr,(A¥) — Gr,(AF1), whence we obtain sheaves V;, = V,,(A™)
resp. Gry, = Gryp(A™).

COROLLARY 5.4.6 Let S be an excellent Dedekind ring. The fibre sequence

Sing?' (GL,) — Sing?' (V;,) — Singl' (Gr,,)
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is an A'-local fibre sequence provided the fibrant replacement of Sing‘}l(GLn) 18
Al-local. Hence any principal GLy,-bundle is an A'-local fibre sequence.

PRrooF: From [Proposition 5.4.1] we have a simplicial fibre sequence.
(i) Assume that Sing‘}l(GLn) and Sing‘}l(Vn) are Al-local and additionally
7ro(Sing‘}1 (Gry)) is Al-invariant. By an argument similar to one used in the proof

of Mhearem 437 we conclude that Sing‘}1 (Gry) is local: We have a ladder diagram
of fibre sequences

Singél (GLn) Singfl (Vn) Singfl (Grn)

| | |

Hom(A!, Sing‘f1 (GL,)) — Hom(A!, Sing‘iXl (V,)) — Hom(A!, Sing‘f1 (Gry)).

By assumptions, the morphisms Sing‘}l(GLn) — Hom(Al, Sing‘}l(GLn)) as well
as Sing,l(Vn) — Hom(A1 Sing,l(Vn)) are Weak equivalences. We want to show
the same for Sings (Grn) — Hom(A1 Sing’ (Grn)). The morphisms induced
on homotopy group sheaves 7; Sing% (Grn) — m;Hom(A!, Sing’ (Grn)) are iso-
morphisms for 4 > 1 by the five lemma. Since g Slng,l(Grn) is Al-invariant by
assumption, the same also holds for 7y, and we find that Sing‘}l(Grn) is indeed
Al-local.

(ii) The Al-invariance of 7 Sing‘}l(Grn) follows from [Proposition 5.3.11] In-
deed, we only need that the morphism

70 Sing?' (Gry)(R) — moHom(A, Sing?' (Gry))(R)

is a bijection for any local ring R. Then we identify the corresponding elements in
7o with morphisms Spec R — Gy, resp. Spec R[t] — Gry,, and [Proposition 5.3.17]
yields the required bijection.

(iii) The space Sing‘}l(Vn) is contractible and therefore Al-local. To see this,
it suffices to check that for a local ring R, the simplicial set Sing?' (Vi(A>®))(R) is
contractible. We will show that any simplex in Sing®' (Vi (A%)) becomes homotopic
to a constant simplex after passing to some A!. Note that we can interpret the
m-simplices as morphisms Spec R[t1, ..., tm] — Vo (AF) and therefore as projective
modules over Spec R[t1,. .., t,] of rank n with k generating sections. Let any such
projective module be given: ¢ : R[t1,...,t,]®* - P. By [Proposition 5.3.11} P is
extended from R, therefore there is a presentation p : Rlty,... ,tm]@k/ — P which
is extended from R. We pass to the Stiefel variety Vn(Ak+k/) by considering the
presentation o @ p : Rlty,... ,tm]@(kJrkl) — P. Keeping the presentation p fixed
we can move the sections from the presentation o to the zero sections, without
destroying the fact that the sections of o & p generate the projective module. This
implies that any homotopy class in Vn(Ak) becomes null-homotopic after passing
to some Vj,(A¥), therefore Sing‘}l(Vn(Aoo))(R) is contractible. [ |

It would be interesting to know if Vi (A"™) is (n — k — 1)-connected, which would
be the connectivity of the real realization.

REMARK 5.4.7 Note that the cibove proposition has the unpleasant proviso that
the fibrant replacement of Sing2 (GLy,) is still local. To get rid of this proviso, we
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would need statements similar to [Mor07, Theorem A.4.2], which we however have
not yet been able to prove in the case of Dedekind rings.

As remarked earlier, this implies that all other GL,-torsors induce A!-local
fibre sequences. One particularly important is the fibre sequence

Sing?' (GL,) — Sing?' (GL,11) — Sing®' (A" \ {0}),

whose existence is the A'-homotopy incarnation of the stabilization theorems for
the unstable K-theories of the general linear groups. The stabilization results trans-
late into connectivity assertions for the motivic spheres Sing?' (A"*t1\ {0}), and
obstructions to stabilization lie in respective homotopy groups of spheres. Indeed,
the main applications of unstable A'-homotopy at the moment seem to be stabi-
lization results for Karoubi-Villamayor K-theory, or results on the classification of
vector bundles, cf. [Mor(7].

Similar results can be obtained for the symplectic groups, and also for the
projective linear groups over a field of characteristic zero. Using [Proposition 5.4.4]
we also get many Al-local fibre sequences with homogeneous space fibres. In
particular, projective space bundles over a field of characteristic zero induce Al-
local fibre sequences, and all those spherical fibrations which arise from a vector
bundle via the Thom construction also are A'-local spherical fibrations. Hopefully
such “geometric” fibre sequences can be used to widen our knowledge on Al-
homotopy groups of schemes over Dedekind rings.
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