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Introduction

The slice filtration on Voevodsky’s triangulated category of motives is defined by effectivity conditions. It is
constructed and studied in [HK]. An analogous filtration on the homotopy category was introduced by Voevodsky.

For Artin-Tate motives, the weight filtration agrees with the slice filtration (see [HK]). In the abelian (as
opposed to derived) category of Hodge structures it is possible to reconstruct the weights from the slice filtration
and its dual. So I had hoped to define the weight filtration on motives from the slice filtration. B. Kahn pointed
out that my construction was assuming a number of nice (maybe too nice) properties of the slice filtration.

In this note we try to get a - conjectural - picture of these properties by systematic use of the realization functor
to the derived category of Hodge structures. A key ingredient is Grothendieck’s Generalized Hodge Conjecture
about the analogous filtration on pure Grothendieck motives.

This approach is successful, even if the answers are contrary to what I had hoped for. (In fact, the application
to the weight filtration does not work.) An old example of Griffiths’s allows to deduce - using deep but standard
conjectures - the following (see Proposition 5.3):

1. The slice filtration doesnot respect the subcategory of geometrical motives.

2. The slice filtration doesnotcommute with the weight filtration.

3. The induced slice filtration functors on the (conjectural) abelian category of mixed motives are left exact but
notexact.

Moreover, the induced filtration on the (conjectural) abelian category of pure motives agrees with the coniveau
filtration. As a byproduct of our considerations, Grothendieck’s Generalized Hodge Conjecture is generalized to
triangulated motives. The generalization is implied by the same set of conjectures.

J. Ayoub communicated a non-conditional argument for property 1. to me. It is given in an appendix. This
may be read as a confirmation for the conjectural picture we have of the theory of motives.

The note was written in context of the joint project with B. Kahn on the slice filtration and its properties,
see [HK]. I would like to thank him heartily for many interesting discussions. Several people helped me in my
hunt for a good example. I am indebted to H. Esnault, B. Herzog, U. Jannsen, B. Moonen, A. Mukherjee and
C. Voisin. It is a pleasure to thank them. I would also like to thank J. Ayoub for writing the Appendix and the
referee for suggesting that it be written.

∗ e-mail: ayoub@math.jussieu.fr
∗∗ e-mail: huber@mathematik.uni-leipzig.de,1
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2 Annette Huber: Slice filtration on motives and the Hodge conjecture

1 Definition of the slice filtration

We review the construction of the slice filtration as constructed in [HK]. For the purpose of the present article it
suffices to work over the field of complex numbersC. Most results extend to all fields of characteristic zero. We
restrict to aQ-rational theory.

Let DMgm = DMgm(C)⊗Q be Voevodsky’s category of geometrical motives ([V] section 2.1),DMeff
gm =

DMeff
gm(C) ⊗ Q the full subcategory of effective motives ([V] Definition 2.1.1). LetDMeff

− the category of
bounded above complexes of Nisnevich sheaves with transfers which have homotopy invariant cohomology, i.e.,
Voevodsky’s category of motivic complexes ([V] section 3.1). LetDM− be the category obtained fromDMeff

−
by formally inverting the Tate object. Quasi-invertibility (e.g. [HK] Prop. A.1) can be used to show that there is
a natural full embedding

ι : DMeff
− → DM− .

In all, there is a commutative diagram of full embeddings

DMeff
gm −−−−→ DMgmy y

DMeff
−

ι−−−−→ DM−

Lemma 1.1 ([HK] , Prop. 1.1) The functorι has a right adjointτ , i.e.,τ : DM− → DMeff
− and a natural

transformationτ → id s.t.

HomDM−(ιN,M) = HomDMeff
−

(N, τ(M))

for all N ∈ DMeff
− , M ∈ DM−.

P r o o f. LetM , N as in the lemma. By definition,M(m) is effective form big enough. We put

τ(M) := lim
m→∞

HomDMeff
−

(Q(m),M(m))

whereHom is internal Hom inDMeff ([V] 3.2). By quasi-invertibility ofZ(1), the limit stabilizes: ifM =
M̃(−m) with M̃ ∈ DMeff

− , m ≥ 0, then

τ(M) = HomDMeff
−

(Q(m), M̃) .

The universal property is easy to check.

Forn ∈ Z let DM≥n
− = DMeff

− (n). There is a sequence of functors

ν≥n : DM− → DM≥n
−

right adjoint to the embedding. Explicitly:

ν≥n(M) = τ(M(−n)) (n) .

Definition 1.2 ([HK] (1.1)) The sequence of transformations

ν≥n → ν≥n−1 → · · · → id

is called theslice filtration.
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The same type of filtration is also considered by Voevodsky in terms of homotopy theory of schemes.
Let DM≤n

− be the category of motives on whichν≥n+1 vanishes. Quite formally one deduces from the
adjunction properties of the slice filtration the existence of a sequence of functors

ν≤n : DM→ DM≤n
−

sitting in natural distinguished triangles

ν≥n → id → ν≤n−1 → ν≥n[1] .

Example 1.3 Let M = Q(n). Then

τ(M) =

{
Hom(Q, Q(n)) = Q(n) n ≥ 0,

Hom(Q(−n), Q) = 0 n < 0.

Lemma 1.4 ([HK] Prop. 1.7) LetM = M c(X) whereX is a variety of dimension at mostd. Then

ν≥nM =

{
M n ≤ 0,

0 n > d.

P r o o f. The first part only says thatM is effective. The second assertion follows from duality and the known
facts on motivic cohomology with values inQ. For details, see [HK], Prop. 1.7.

This means that the slice filtration is finite, separated and exhaustive on geometrical motives. However, we do
not know:

Question 1.5 If M ∈ DMgm, is it true that allν≥nM are geometric?

Contrary to my original hope, I expect the answer to be no in general, see 5.3 below for an argument relying
on conjectures. A non-conditional argument by Ayoub is given in the appendix.

2 Slice filtration on mixed Hodge structures

In order to understand what the slice filtration means let us first consider the toy model of mixed Hodge structures.
We denoteH the category of mixed polarizableQ-Hodge structures. A Hodge structure is calledeffectiveif its
non-zero Hodge numbers are concentrated in the first quadrant. The category of effective Hodge structure is
denotedHeff . Note that this category is stable under subquotients and extensions. A mixed Hodge structure is
effective if and only if its simple subquotients are effective.

Lemma 2.1 The inclusionι : Heff → H has a left adjointτ , i.e.,τ : H → Heff and natural transformation
id → τ s.t.

HomH(N, ιM) = HomHeff (τN, M)

for all N ∈ H, M ∈ Heff .

P r o o f. This is just linear algebra. LetH be an object ofH. Then we defineτH as the biggest quotient ofH
which is effective. We have to verify existence of this biggest quotient. Consider the set of all effective quotients
of H ordered by the natural projections. This is an Artinian category. Supposep1 : H → H1 andp2 : H → H2

are two effective quotients. LetKi be the kernel ofpi andK = K1∩K2. We considerH → H/K. It dominates
H1 andH2. As subobject ofH1 ⊕H2 the quotientH/K is effective. Hence the category of effective quotients
has a unique maximal object. It is functorial. It is easy to check the universal property.

Remark 2.2 We have switched from right adjoints in motives to left adjoints in Hodge structures. This
corresponds to the fact that the Hodge realization functor is contravariant.
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4 Annette Huber: Slice filtration on motives and the Hodge conjecture

LetH≥n = Heff(−n). There is a sequence of functors

ν≥n : H → H≥n

left adjoint to the embedding. Explicitly:

ν≥n(H) = τ(H(n)) (−n) .

Definition 2.3 The sequence of transformations

id → · · · → ν≥n−1 → ν≥n

is called theslice cofiltration.

If τH = 0, this doesnot mean thatH has Hodge numbers only outside the first quadrant. It is easy to
write down a simple, pure Hodge structure of weight0 with Hodge type{(−1, 1), (0, 0), (1,−1)}. This Hodge
structure has no effective quotient! This effect only occurs withQ-Hodge structures as every simpleR-Hodge
structure has Hodge type of the form{(p, q), (q, p)} or {(p, p)}. Indeed, the slice functors become exact on
R-Hodge structures.

Lemma 2.4 The functorsν≥n are right exact but not exact onH.

P r o o f. It suffices to considerτ . The functorτ is right exact because it is a left adjoint of an exact functor.
Assume now thatτ is exact. LetH be a simple polarizable Hodge structure of positive weight which isnot
effective andH∨ its dual. Note thatH∨ is not effective either. LetE be a non-trivial extension

0 → Q(0) → E → H → 0 .

They are classified by

Ext1H(H, Q(0)) = Ext1H(Q(0),H∨) = Coker(H∨
Q ⊕ F 0H∨

C → H∨
C ) 6= 0 .

In fact, this is an infinite dimensionalQ-vector space becauseH∨ is not effective. HenceE exists. We applyτ
to the sequence and get

0 → Q(0) → τE → 0 → 0

becauseQ(0) is effective andH is not effective but simple. The isomorphismQ(0) → τE together with the
projectionE → τE splits the original sequence, contradiction.

3 Hodge conjecture

Recall ([H1] 2.3.5, [H2]) that there is aHodge realization functor

RH : DMgm −→ Db(H) .

We writeHH(M) =
⊕

Hi(RH(M)) ∈ H.
If X is a smooth variety, then by constructionHH(M(X)) is singular cohomologyH∗(X(C), Q) of the

complex manifoldX(C) with the Hodge structure defined by Deligne [D1] Theorem 3.2.5 (iii).
If M is effective, thenHH(M) is also effective. What about the converse? This is the set-up of the generalized

Hodge conjecture.
LetM be Grothendieck’s category of pure motives up to homological equivalence, see e.g. [S] 1.4.

Conjecture 3.1 (Hodge)The functorHH : M→H is fully faithful.

In more down to earth terms this says something about(p, p)-cycles. There was also a more general conjecture
by Hodge for(p, q)-cycles. It was “false for trivial reasons” as Grothendieck pointed out. The corrected version
is:
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Conjecture 3.2 (GHC Grothendieck[G]) The Hodge conjecture holds and a pure motiveM ∈ M is effec-
tive if and only ifHH(M) is effective.

This usually goes by the name of generalized Hodge conjecture. I propose to extend the conjecture toDMgm.

Conjecture 3.3 (GHC for triangulated motives) The Hodge conjecture holds and an objectM ∈ DMgm

is effective if and only if its Hodge realization is effective.

Why should this be true?

Today’s standard conjectures

• GHC for pure Grothendieck motives up to homological equivalence (3.2).

• DMgm admits at-structureτmot. Its heartMM (mixed motives) containsM as full subcategory. For each
object ofDMgm the filtration induced by the truncation functorsτmot

≤n is finite, separated and exhaustive.

• There are weight filtration functorsW≤n on DMgm which commute with thet-structure and such that the
pure objects inMM are inM. For each object ofDMgm the filtration induced by the truncation functors
W≤n is finite, separated and exhaustive.

• The functorHH is compatible witht-structure and weights.

The cohomological functor of the motivict-structureτmot is denotedHi. Note that the Hodge realization is
contravariant. This implies thatHH(Hi(X)) = H−i

H (X). We normalize the weight filtration such that

HH(W≤nM) = HH(M)/W−(n+1)HH(M) ,

i.e., a pure motive of weightn is mapped to a pure Hodge structure of weight−n. Note that this meansM(X) has
cohomology in non-positive degrees and non-positive weights. IfX is a smooth proper variety the conjectures
imply thatHi(X) is pure of weighti.

Proposition 3.4 We assume the above conjectures. Then:

1. The functorHH is conservative onDMgm, i.e., ifHH(M) = 0 thenM = 0.

2. A pure Grothendieck motive is effective inM if and only if it is effective inDMgm.

3. An objectM ∈ DMgm is effective if and only if allHi(M) are effective inMM and if and only if all
GrjH

i(M) are effective inM.

4. GHC holds for triangulated motives, i.e., conjecture 3.3 is true.

P r o o f. We start with assertion 1. By today’s standard conjectures, theHi andGrW
j are conservative and

commute withHH. This reduces the question to pure Grothendieck motives. In this case it is the faithfulness
part of the Hodge conjecture.

Now consider assertion 2. SupposeM is an effective object ofM. By the Hodge conjecture,M is a full
subcategory of the semi-simple category of polarizable pure Hodge structures, hence semi-simple. Without
restriction we may assume thatM is pure of weight−i. By definition this means that it is a direct summand of
H−i(X) for a smooth projective varietyX. By the Hodge conjecture, theH−i(X) satisfy hard Lefschetz. By a
general argument of Deligne (see [D2]) this implies that inDMgm

M(X) =
⊕

H−i(X)[i] .

HenceM is a direct summand ofM(X)[−i]. As DMeff
gm is pseudo-abelian, this implies thatM is also effective

viewed as object ofDMgm. Conversely, ifM is in M∩ DMeff
gm, then its Hodge realization is effective. By

GHC for pure motives,M is an object ofM eff .
For property 3, note thatHH(DMeff

gm) ⊂ Heff and thatDMeff
gm is stable under triangles: if two vertices

of a triangle are effective, then so is the third. Now letM be a triangulated motive such thatHH(M) =
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6 Annette Huber: Slice filtration on motives and the Hodge conjecture

⊕
HH(H−i(M)) is effective. Hence allH−i(GrW

j M) are effective inM by the GHC forM. By the consid-

erations above this implies that allH−i(GrW
j M) are effective inDMgm. The motiveM is successive extension

of effective objects, hence effective.
This implies the non-trivial part of GHC for triangulated motives. The remaining statements follows from

GHC forDMgm.

Lemma 3.5 If the motivict-structure and the weight filtration exist onDMgm, they extend to at-structure
and weight filtration onDM−.

P r o o f. We use two facts onDM−.

• Every object is third vertex in a distinguished triangle where the other two are (infinite) direct sums of
geometrical motives.

• For direct sums of geometrical motives

HomDM−(
⊕
i∈I

Mi,
⊕
j∈J

Nj) =
∏
i∈I

⊕
j∈J

HomDMgm(Mi, Nj).

Consider the smallest full subcategoryτmot
≤n DM− of DM− which containsτmot

≤n M for all geometrical motives
M , is closed under direct sums and such that ifM1 → M2 → M3 is a distinguished triangle withM1,M3 in
τmot
≤n DM−, thenM2 in τmot

≤n DM−. Dually we defineτmot
≥n+1DM−. We claim that this is at-structure. The

vanishing of morphisms and behaviour under shifts follows from the above facts. We also need to check that for
all M ∈ DM− there areτmot

≤n M ∈ τmot
≤n DM− andτmot

≥n+1M ∈ τmot
≥n DM− such that there is a distinguished

triangle

τmot
≤n M → M → τmot

≥n+1M .

This holds for geometrical motives and extends to direct sums of geometrical motives. LetM1 → M2 → M3 be
a distinguished triangle and assume that truncation is defined onM2 andM3. Let

H̃n(M3) = Im (Hn(M2) → Hn(M3)) .

A modified truncation ofM3 is defined by the diagram of triangles

τmot
≤n−1M3 −−−−→ τmot

≤n M3 −−−−→ Hn(M3)[−n]x x x
τmot
≤n−1M3 −−−−→ τ ′≤nM3 −−−−→ H̃n(M3)[−n]

By construction the mapτmot
≤n M2 → τmot

≤n M3 factors throughτ ′≤nM3. We defineτmot
≤n M1 by the distinguished

triangle

τmot
≤n M1 → τmot

≤n M2 → τ ′≤nM3 .

Defineτ ′≥n+1M3 andτmot
≥n+1M1 as third vertices in the distinguished triangles

τ ′≤nM3 → M3 → τ ′≥n+1M3 ,

τmot
≤n M1 → M1 → τmot

≥n+1M1 .

We automatically get a distinguished triangle

τmot
≥n+1M1 → τmot

≥n+1M2 → τ ′≥n+1M3 .

It is easy to see thatτmot
≤n M1 ∈ τmot

≤n DM− andτmot
≥n+1M1 ∈ τmot

≥n+1DM−.
We skip the arguments for the weight filtration, which are simpler.
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We now can use GHC in order to get a conjectural understanding of the slice filtration. The functorν≥n on
DMgm definesH0ν≥n onMM.

Proposition 3.6 Assume again today’s standard conjectures. An objectM ∈ MM is inMMeff(n) if and
only if H0ν≥nM = M . The functorsH0ν≥n andH0ν≤n are left exact onMM. The functorH0ν≥n is right
adjoint to the inclusionι : MMeff(n) →MM.

One should think ofν≥0 as the derived functor ofH0ν≥0.

P r o o f. It suffices to considern = 0. Let M ∈ MM. That the motiveM is effective meansM = ν≥0M ,
in particularHi(ν≥0M) = 0 for i 6= 0. Conversely, assumeM = H0(ν≥0M). Clearlyν≥0M is effective and
hence also itsH0.

For left exactness letM ∈MM be a mixed motive. Consider the distinguished triangle

ν≥0M → M → ν>0M .

We first want to show thatHi(ν<0M) is effective fori 6= 0. Consider the long exact sequence with respect to
Hi. It yields isomorphisms

Hiν<0M → Hi+1ν≥0M

for i 6= −1, 0. The object on the right is effective hence so is the object on the left. The same sequence yields

0 → H−1ν<0M → H0ν≥0M → M → H0ν<0M → H1ν≥0M → 0 .

It remains to show that subobjects of effective motives inMM are effective: this is true by GHC for triangulated
motives because the dual is true inH. Hence by adjunction

Hom(τmot
<0 ν<0M,ν<0M) = Hom(τmot

<0 ν<0M,ν≥0ν<0M) = 0 ,

i.e.,τmot
<0 M = 0. In particular,H0ν<0 is left exact. By the above isomorphisms this also implies thatH0ν≥0 is

left exact.
Let M ∈MM, N ∈MMeff . Then

HomMM(N,M) = HomDMgm(N,M) = HomDMeff
−

(N, ν≥0M)

= HomDMeff
−

(N,H0ν≥0M) = HomMM(N,H0ν≥0M) .

The crucial third equality holds becauseN andν≥0M have cohomology concentrated in degree0 and in non-
negative degrees respectively.

Remark 3.7 Recall that thet-structure onDMgm extends to at-structure onDM−. The proposition implies
thatν≥n is also left exact onDM−.

Question 3.8 Does the slice filtration commute with the weight filtration?

I think that the answer is no, see 5.3 below for an argument relying on conjectures.

4 Coniveau filtration

In this section we concentrate on pure motives. As a left exact functor,H0ν≥n respects the category of pure
motivesM. In fact, on a simple pure motive it is either the zero or the full object. We are going to review
Grothendieck’s coniveau filtration. Note that we have to reverse all arrows because we use covariant motives
whereas his setting was contravariant.

Definition 4.1 (compare[G]) Let X be a smooth proper variety. Theconiveau filtrationonM = H−i(X) is
defined as

F ′pM = M/ Im
(⊕

H−i(U)
)

where the sum runs over all open subvarietiesU ⊂ X such thatT = X r U has codimension at leastp.
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8 Annette Huber: Slice filtration on motives and the Hodge conjecture

Alternatively,F ′pM can be described as the smallest quotient ofM such that all Gysin morphismsH−i(X) →
H−i+2q(T̃ )(q) for all T̃ → X with T̃ smooth, projective,dim X − dim T̃ = q ≥ p factor throughF ′pM .

Proposition 4.2 Assume today’s standard conjectures. LetX be smooth and proper,M = H−i(X). Then
the composition

H0ν≥pM → M → F ′pM

is an isomorphism, hence the slice filtration provides a splitting of the coniveau filtration.

P r o o f. The key observation is that theH−i+2q(T̃ )(q) of the alternative description are inDM≥q ⊂ DM≥p.
Hence a simple constituent ofM which is not inDM≥p is also mapped to zero inF ′pM . Conversely, letM ′ ⊂
M be a simple direct summand which is inDM≥p. It is direct summand of someH−i+2p(Y )(p). with Y smooth
and projective. The projectionM → M ′ is induced by a morphism of motivesφ : H−i(X) → H−i+2p(Y )(p).
We assume that pure motives inMM are Grothendieck motives, hence this morphism is represented by a cycle
T in X×Y with dim X−dim T = p. Let T̃ be a desingularization ofT . Thenφ is the compositionH−i(X) →
H−i+2p(T̃ )(p) → H−i+2p(Y )(p). As M ′ is a direct summand ofH−i+2p(Y )(p), it is also a direct summand of
H−i+2p(T̃ )(p). This implies thatM ′ does not vanish inF ′pM either.

GHC for pure motives can be formulated as saying thatH0ν≥p commutes with the Hodge realization functor.
We ask if this can be extended to the triangulated case.

Question 4.3 Doesν≥n onDM− commute with the Hodge realization?

In order for this question to make sense, we first have to extend the Hodge realization to a functor onDM−.
It will have values inD+(Pro−H) wherePro−H is the pro-category of Hodge structures. The question can be
reduced to the case ofM ∈M. However, I do not have a guess for the answer.

5 The counterexample

Let X be a smooth projective variety andZ a cohomologically trivial cycle of codimension2. By the Abel-Jacobi
map it induces an extension of mixed Hodge structures

0 → H3
H(X) → HZ → Q(−2) → 0 .

Lemma 5.1 Let X be a generic quintic inP4, H = H3
H(X). ThenH is a simple Hodge structure of weight

3 with H3,0 6= 0. The image of the Abel-Jacobi map inExt1(Q(−2),H3
H(X)) is not finite dimensional.

P r o o f. Quintics inP4 are simply connected Calabi-Yau threefolds and very well studied. In particular, their
H3 is primitive and has Hodge type

(3, 0), (2, 1), (1, 2), (0, 3) .

By [PS] Corollary 18 it is simple for a genericX. The Abel-Jacobi map on homologically trivial cycles was
studied by Griffiths and Clemens in this example. By [C1] Theorem 0.2 or [C2] Theorem 6 its image in
Ext1(Q(−2),H3

H(X)) is not finite dimensional.

I would like to thank C. Voisin and B. Moonen for pointing these arguments out to me.

Corollary 5.2 Assume today’s standard conjectures. LetX be as in the lemma,M = H−3(X)∨(2). Then
H0ν≥0M = 0 andExt1MM(Q(0),M) is infinite dimensional.

P r o o f. M = H3(X)∨(2) is simple because its Hodge realization is simple. Moreover, its Hodge realizations
is of type(−1, 2), (0, 1), (1, 0), (2,−1), i.e.,M is not effective. Hence it does not have any effective subobjects.
By duality and functoriality

Ext1MM(Q(0),M) ∼= Ext1MM(H−3(X), Q(2)) → Ext1H(Q(−2),H3
H(X)).

The Abel-Jacobi map factors through this map. By the Lemma the dimension of the Ext-group has to be infinite.
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Proposition 5.3 (see Questions 1.5 and 3.8)Assume today’s standard conjectures. ThenH0ν≥n is not exact,
the functorsν≥n do not respect geometrical motives and do not commute with the weight filtration.

P r o o f. It suffices to considern = 0. Let M be as in the corollary. Consider a non-trivial extension

0 → M → E → Q(0) → 0 .

The long exact sequence forHiν≥0 starts

0 → 0 → H0ν≥0E → Q(0) → H1ν≥0M → .

If H0ν≥0 was exact, thenH0ν≥0E ∼= Q(0). If ν≥0 commuted with the weight filtration, thenH1ν≥0M
would be pure of weight1. The boundary map would vanish and againH0ν≥0E ∼= Q(0). In both cases
this isomorphism together with the inclusionH0ν≥0E → E would split the sequence and we would have a
contradiction.

Now assume thatν≥0M is geometric. We have

HomDMgm(Q,M [1]) = HomDMeff
−

(Q, ν≥0M [1]) .

As M is simple and non-effective,H0ν≥0M = 0. By assumptionH1ν≥0M is geometric, hence

HomDMgm(Q,M [1]) = HomDMeff
gm

(Q,H1ν≥0M) .

For pure motives, we have

HomM(Q, N) = HomH(HH(N), Q)

by the Hodge conjecture, in particular this is a finite dimensional vector space. Hence this is also true for mixed
motives. This contradicts the infinite dimensionality established in corollary 5.2.

Remark 5.4 Our results are over the complex numbers. The situation may be different over a number field,
where the group of cohomologically trivial cycles is expected to befinite dimensional. In this special case, the
slice filtration might still respect geometric motives. The other two assertions of the proposition depend on the
existence of just some non-trivial element in this group.

A The slice filtration on DM(k) does not preserve geometric motives

by Joseph Ayoub

In this appendix we give an unconditional argument for the following (un)-property of the slice filtration on
DM(k):

Proposition A.0.1 The slice filtration onDM(k) does not preserve geometric motives.

Recall (Definition 1.2) that the slice filtration is a sequence of transformations:

ν≥n → ν≥n−1 → · · · → id

whereν≥n(M) = τ(M(−n))(n) with τ : DM(k) → DMeff(k) the right adjoint to the full embedding
DMeff(k) ⊂ DM(k). WhenM is effective (e.g.. the motive M(X) of a smooth projective varietyX) we
have by the proof of Lemma 1.1τ(M(−n)) = Homeff(Z(n),M) whereHomeff stands for the internal hom in
DMeff(k). We will prove the following:

Proposition A.0.2 Assume thatk is big enough. There exists a smooth projectivek-variety X such that
Homeff(Z(1), M(X)) is not a geometric motive.

We will implicitly assumek of characteristic zero and algebraically closed. We also work with rational coef-
ficients for simplicity.
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10 Annette Huber: Slice filtration on motives and the Hodge conjecture

A.1 Compacity in DM(k)

Recall the following classical notions (see [N]):

Definition A.1.1 Let T be a triangulated category with arbitrary infinite sums. An objectU ∈ T is called
compactif the functorhomT (U,−) : T → Ab commutes with sums. The categoryT is compactly generated, if
there exists a setG of compact objects inT such that the family of triangulated functorshomT (U [n],−), where
U ∈ G andn ∈ Z, is conservative (that is detects isomorphisms).

If T is compactly generated byG then the subcategoryTcompof compact objects is the pseudo-abelian envelop
of the triangulated sub-category ofT generated byG.

Let (An)n∈N be an inductive system inT . Its homotopy colimitis the ĉone of:

(id− s) : ⊕n∈NAn → ⊕n∈NAn

wheres is the compositionAn0 → An0+1 → ⊕n∈NAn on the factorAn0 . It is denoted byhocolimn∈NAn . We
have the following lemma:

Lemma A.1.2 If U ∈ T is compact, thenhomT (U,−) commutes withN-indexed homotopy colimits.

The following proposition is well-known. It follows immediately from the commutation of Nisnevic hyper-
cohomology with infinite sums of complexes:

Proposition A.1.3 The categoryDMeff(k) is compactly generated by the set ofM(X) with X in a set repre-
senting isomorphism classes of smoothk-varieties. Moreover the sub-categoryDMgm

eff (k) is the sub-category of
compact objects ofDMeff(k).

A.2 Finite generation inHI(k)

Recall thatDMeff(k) admits a naturalt-structure whose heartHI(k) is the category of homotopy invariant
Nisnevic sheaves with transfers. For an objectM ∈ DMeff(k) we denotehi(M) the truncation with respect
to this t-structure. Recall thathi(M) is simply thei-th homology sheaf of the complexM . We will also write
hi(X) for hi(M(X)) whenX is a smoothk-variety. We make the following definition:

Definition A.2.1 A sheafF ∈ HI(k) is called finitely generatedif there exists a smooth varietyX and a

surjection h0(X) // // F .

It is clear that the property of being finitely generated is stable by quotients. It is also stable by extensions. In-
deed, letF ⊂ G in HI(k) such thatF andG/F are finitely generated and chose surjectionsa : h0(X) // // F

andb : h0(Y ) // // G/F . There exists a Nisnevic coverU → Y such thatb|U lifts to b′ : h0(U) // G .

We get in this way a surjectiona
∐

b′ : h0(X
∐

U) // // G .

Assuming thatk is countable we say that a sheafF is countable if for any smoothk-varietyX the setF (X)
is countable. Note the following technical lemma:

Lemma A.2.2 LetF be a sheaf inHI(k) which is countable. There exists a chain(Sn)n∈N of finitely gener-
ated sub-sheaves ofF such thatF = ∪n∈NSn.

P r o o f. Consider the setS whose elements are the finitely generated sub-sheaves ofF . This set is countable
as every finitely generated sub-sheaf ofF is the image of a mapa : h0(X) → F with X a smoothk-variety and
a ∈ F (X). Fix a bijectionb : N ∼→ S and denoteSn =

∑n
i=0 b(i). We clearly have thatF = ∪n∈NSn.

As a corollary we have the following:

Proposition A.2.3 Let F be a countable sheaf inHI(k). Suppose thathomHI(k)(F,−) commutes withN-
indexed colimits. ThenF is finitely generated.

P r o o f. By lemma A.2.2 we can writeF = colimn∈N(Sn) with Sn finitely generated sub-sheaves ofF .
Using hom(F, F ) = colimhom(F, Sn) one can findn0 ∈ N such that the identity ofF factors trough the
inclusionSn0 ⊂ F . This implies thatF = Sn0 .
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Remark A.2.4 By working a little bit more, one shows under the hypothesis of A.2.3 thatF is finitely pre-
sented in the sense that there exists an exact sequence:

h0(X2) // h0(X1) // F // 0

with X1 andX2 two smoothk-varieties.

A.3 conclusion

Using propositions A.1.3 and A.2.3 we can prove the following:

Theorem A.3.1 LetM be a geometric motive inDMeff(k). Suppose thathi(M) = 0 for i < 0. Thenh0(M)
is finitely generated6.

P r o o f. The motiveM being geometric, it is defined over a finitely generated field (in particular a countable
one). Hence, we may assume our base fieldk countable. It follows that the sheaveshi(M) are countable. This can
be proved by reducing to the caseM = M(X) with X a smoothk-variety and using Voevodsky’s identification
M(X) = C∗Ztr(X) with C∗ the Suslin-Voevodsky complex.

By A.2.3 we need only to check thathomHI(k)(h0(M),−) commutes withN-colimits. Let(An)n∈N be an
inductive system and denoteA its colimit. First, remark thatA is also the homotopy colimit of(An)n∈N in
DMeff(k). Indeed, one has an exact triangle:

⊕An
id−s // ⊕An

// hocolimAn
//

It is easy to see that the morphism of sheavesid− s is injective. It follows thathocolimn∈NAn is the co-kernel
of id− s which is canonically isomorphic toA.

Having this in mind, we can write:

homHI(k)(h0(M), colimAn) 1= homDMeff (k)(h0(M), hocolimAn)

2= homDMeff (k)(M,hocolimAn) 3= colim homDMeff (k)(M,An)
4= colim homHI(k)(h0(M), An)

Equality (1) follows from the above discussion. Equalities (2) and (4) follow from the conditionhi(M) = 0 for
i < 0. Equality (3) is the compactness ofM . This proves the theorem.

Let X be a smooth projective variety of dimensiond. Using [V], Theorem 4.2.2 and Proposition 4.2.3 we
have:

• the sheafhi(Homeff(Z(1)[2],M(X))) is zero fori < 0,

• the sheafh0(Homeff(Z(1)[2],M(X))) is canonically isomorphic to the Nisnevic sheaf CHd−1
/X associated to

the pre-sheaf:U  CHd−1(U ×k X).

To prove A.0.2 it suffices by A.3.1 to find a smooth projective varietyX of dimensiond = 3 such that CHd−1
/X

is not finitely generated. To do this, we will construct a quotient of CHd−1
/X which is constant but not finitely

generated.

Definition A.3.2 LetU be a smoothk-scheme. A cycle[Z] ∈ CHd−1(U ×k X) is said to beU -algebraically
equivalent to zero if there exist a smooth and connectedU -schemeV → U , a finite correspondence of degree
zero

∑
i ni[Ti] ∈ Cor(V/U) (i.e. ni ∈ Z and ti : Ti → U are finite and surjective) and a cycle[W ] ∈

CHd−1(V ×k X) such that[Z] is rationally equivalent to
∑

i ni(ti × idX)∗[W ∪ (Ti ×X)].
We denoteNSd−1(U ×k X)U the quotient ofCHd−1(U ×k X) with respect to theU -algebraic equivalence.

We let alsoNSd−1
/X be the Nisnevic sheaf associated to the pre-sheafU  NSd−1(U ×k X)U .

6 In facth0(M) is even finitely presented (see A.2.4)
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We have clearly a surjective morphism CHd−1
/X → NSd−1

/X . The latter sheaf is constant (because our base

field k is algebraically closed). Indeed, for any finitely generated extensionk ⊂ K we have NSd−1
/X (K) =

NSd−1(X⊗kK). It is a well-known fact that the Neron-Severi group is invariant by extensions of an algebraically
closed field.

Now, it is easy to see that a constant sheaf is finitely generated if and only if its group of sections overk is a
finite dimensionalQ-vector space (using that a map fromh0(X) to a constant sheaf factors troughQtr(π0(X))
with π0(X) the set of connected components of the varietyX). We are done since NS2(X) is not finite dimen-
sional for a generic quintic inP4 (see [C1] Theorem 0.2).
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